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Summary (English)
In an incompressible ﬂuid ﬂow, streamline patterns and their bifurcations are in-
vestigated close to wall for two-dimensional system and close to free and viscous
surfaces in three-dimensional system. Expanding the velocity ﬁeld in a Taylor
series, we conduct a local analysis at the given expansion point. Applying the
boundary conditions, some relations are obtained among the coeﬃcients of the
expansions. Series of coordinate transformations, which preserves the boundary
conditions, are used to reduce the number of coeﬃcients. Finally, using the nor-
mal form and unfolding theory, the velocity ﬁeld is analysed structurally and
bifurcation diagrams are obtained.
First, two-dimensional viscous ﬂow close to wall for non-simple degenerate crit-
ical point is considered depending on three-parameter space. Second, three-
dimensional axisymmetric, viscous and steady ﬂow is analysed close to free and
viscous surfaces into three situations: Local analysis close to center axis; away
from the axis and close to a stationary wall. Next, in the absence of axisymmet-
ric condition, three-dimensional viscous ﬂow is consider close to a free surface.
As an application of the bifurcation diagrams for three-dimensional axisymmet-
ric viscous ﬂow, three diﬀerent shaped container driven by a rotating top disk
is considered. Using a spectral collocation method, a code is constructed to
obtain the meridional and swirl velocities. In a result of this code, all structural
changes on the streamline patterns are observed and the occurring bifurcations
are determined. These bifurcations are compared with the bifurcations obtained
from topologically.
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Chapter 1
Introduction
In ﬂuid mechanics, the type of ﬂuid ﬂow has a major signiﬁcance to determine
the ﬂow motion. Many studies have been published by considering the type of
ﬂow. For example, the ﬂow type is stationary if it does not depend on time.
One may vary this example in many ways. In this thesis, we mainly focus on
two types of ﬂuid ﬂow. One is two-dimensional steady incompressible ﬂuid ﬂow
close to a stationary wall, and other is three-dimensional steady incompressible
ﬂuid ﬂow close to free and viscous surfaces.
In Chapter 2, we introduce the notion of autonomous dynamical system. Main
prerequisites for the forthcoming chapters are given. This chapter includes as
a concept, the deﬁnition of vector ﬁelds and ﬂow, topological conjugacy and
equivalence, structural stability of a vector ﬁeld, normal form and unfolding
theory. As a consequence of the unfolding theory, a parameter space is cre-
ated which we will use in bifurcation analysis. The bifurcation theory and its
classiﬁcation are given. Furthermore, Hamiltonian systems are introduced for
two-dimensional and axisymmetric ﬂow. And ﬁnally, some boundary conditions
for free and viscous surface and Navier-Stokes equations are given for a steady
three-dimensional ﬂow.
Chapter 3 is intended to motivate our investigation of two-dimensional viscous
ﬂow close to a stationary wall. Revisiting Hartnack's [19] paper, we observe the
non-simple degenerate streamline patterns for co-dimension three bifurcation.
2 Introduction
The reason is that Hartnack mentions the eﬀect of the Navier-Stokes equations
on the streamline topology. In a conclusion of this eﬀect, he declare that it is
impossible to see a˜0,4 = 0 for a steady ﬂow. Therefore assuming that parameter
is zero, the streamline patterns and their bifurcation is analysed in analytical
and numerical way. This study is published in
* A. Balci, M. Andersen, M. C. Thompson and M. Brøns: Codimension
three bifurcation of streamline patterns close to a no-slip wall: A topo-
logical description of boundary layer eruption. Physics of Fluids, 27(5),
2015.
In Chapter 4 and 5, we consider a steady axisymmetric incompressible ﬂow close
to free and viscous surfaces, respectively. Since the ﬂow is axisymmetric, the
process is closely similar as Chapter 3, due to the existence of stream function.
Expanding the velocity ﬁeld at a speciﬁc (after coordinate transformation can
be chosen as origin) point, we investigate the streamline patterns and their
bifurcations in meridional plane by taking into account the swirl velocity eﬀect.
We divide these chapters into three cases:
(a) close to center axis,
(b) away from the center axis,
(c) close to a stationary wall.
These cases are investigated up to the co-dimension three for free surface and
up to the co-dimension two for viscous surface.
In Chapter 6, three-dimensional viscous ﬂow is considered close to a free surface.
As known, there exist no stream function for three-dimensional ﬂow. Hence we
expand the velocity ﬁelds separately and investigate the streamline patterns
and bifurcations. In Chapters 3− 6, the normal form transformation is used to
simplify the given velocity ﬁelds. Obtaining the degenerate and non-degenerate
critical points, we investigate the streamline patterns. Since the degenerate
critical points are not structurally stable, using the unfolding theory we decide
the parameters which will eﬀect the streamline structure. As a ﬁnal work, the
bifurcation theory is used to determine which kind of structural changes occur.
In Chapter 7, we consider a steady axisymmetric ﬂow for two immiscible ﬂu-
ids in three diﬀerent shaped container in a numerical way. Using the spectral
collocation method, the streamline patterns are obtained. We compare these
streamline patterns with the streamline patterns in Chapter 4. The results of
this numerical analysis contribute to:
3* A. Balci, M. Brøns, M. A. Herrada and V. Shtern : Bifurcations of a
creeping air-water ﬂow in a conical container. Submitted for publication.
2015.
* A. Balci, M. Brøns, M. A. Herrada and V. Shtern : Vortex breakdown in
a conical bioreactor. Submitted for publication. 2015.
* A. Balci, M. Brøns, M. A. Herrada and V. Shtern : Vortex breakdown in
a semispherical bioreactor. Submitted for publication. 2015.
4 Introduction
Chapter 2
Topological Fluid Dynamics
Fluid dynamics generally deals with ﬂuid ﬂow, or the motion of ﬂuids. One can
formulate or depict the equations of ﬂuid dynamics in two ways: the Lagrangian
and Eulerian description of ﬂuid ﬂow. The Eulerian indicates that in each
ﬂow property time and the position vector ~x are the independent variables.
Therefore, any ﬂow properties are in the form
p = p(~x, t), ~v = ~v(~x, t), (2.1)
where p is the pressure (scalar ﬁeld), and v is the velocity (vector ﬁeld). In the
Lagrangian description, instead of the vector ﬁelds, an individual ﬂuid particle
is considered. The location of the ﬂuid particle is given at a speciﬁc point ~x0;
and for this approach, the independent variables are ~x0 and time. Hence, the
position of the particle is
~x = ~x( ~x0, t). (2.2)
The Lagrangian description of ﬂuid ﬂow can be considered as an integration of
the Eulerian description of ﬂuid ﬂow with the initial conditions. Moreover, one
can make these descriptions be related each other by using the substantial (or
material) derivative.
The ﬂuid ﬂows can be visualized and described by using streamlines, which are
tangent to the velocity ﬁeld at a given instant of time. In Cartesian coordinate
x˜ = (x, y, z) with corresponding the velocities v˜ = (u, v, w), the streamline
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curves can be obtained by solving the following ordinary diﬀerential equations,
which are in scalar form,
dx
u
=
dy
v
=
dz
w
, (2.3)
with a given initial condition. Deﬁning new variables, we can write any ordinary
diﬀerential equation as a system. A general system of ﬁrst order ODEs is simply
in the following form
v˜ = x˙ = f(t,x), (2.4)
where f is a smooth function and x˙ = dxdt . If f does not depend on time
explicitly, the system is called 'autonomous'. Our concern will be this kind of
system in this thesis. The following section centers on how the ﬂow can be
expressed topologically using autonomous system.
2.1 Flows and Vector Fields
A ﬂuid particle has a position and velocity in a given coordinate system. Let
the position vector of the ﬂow be x = (x1, x2, ..., xn) ∈ Rn and an open set
S ⊆ Rn. From the deﬁnition of velocity, the derivative of the position vector
with respect to time t gives
~v(u1, u2, ..., un) =
dx
dt
= f(x1, x2, ...xn), (2.5)
where f : S → Rn is a smooth function and does not explicitly depend on time
t . The function f is also named as a velocity ﬁeld.
A ﬂow Φ(x, t) : S × R→ Rn is a diﬀerentiable mapping such that
a) Φ(x, 0) = x, and
b) for all t and s ∈ R,
Φ(x, t) ◦ Φ(x, s) = Φ(x, t+ s), (2.6)
where ◦ is the composition symbol.
The ﬂow can be associated with the vector ﬁeld, and it is written as
dΦ(x, t)
dt
∣∣∣∣
t=t0
= f(x), (2.7)
for all t0 ⊆ R and x ∈ S. This equation tells us that the ﬂow is a solution of
(2.5). From this, the following lemma (see Meiss [1]) derives.
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Lemma 2.1 Let Φ(x, t) be a ﬂow, it is then a solution of the I.V.P.
dΦ(x0, t)
dt
= f(Φ(x0, t)), Φ(x0, 0) = x0, (2.8)
for (2.5).
For the proof of this lemma and the theorem concerning the existence and
uniqueness of solutions, I am pleased to refer Meiss [1].
Orbits or trajectories denoted by x(t) are seen in every dynamical system, and
the solutions of (2.8) imply them. If we put all orbits in a set, this set will be
a phase portrait. Some of the trajectories in this phase portrait, which fulﬁll
f(x) = 0, will be our interest for the reason that the analysis of a streamline
starts with a point x0 which satisﬁes f(x0) = 0. This point is called a critical
point.
The critical point is called 'stable', if for ∀ > 0 there is a δ > 0 such that
|Φ(x, 0)− x0)| < δ implies |Φ(x, t)− x0| ≤  for ∀t ≥ 0, (2.9)
'asymptotic stable', if the critical point is stable and for some δ > 0
|Φ(x, 0)− x0)| < δ implies |Φ(x, t)− x0| → 0 as t→∞. (2.10)
Any asymptotic stable critical point is also stable, but converse is not correct.
If the critical point is not stable, we will call it unstable.
Physically, the critical points occur when the velocity is zero. This point has
many diﬀerent names in the literature such as stagnation point, ﬁxed point,
equilibrium point. When the function f(x) is inﬁnitely diﬀerentiable, one is
able to analyse the system in the vicinity of the critical point by using Taylor
series expansion. Let us denote the critical point as 'x0', the system (2.5) then
has a Taylor expansion at this point
x˙ = f(x0) +Df(x0)(x− x0) +O(|x− x0|2), (2.11)
where D denotes the diﬀerential operator and we will call x˙ = Df(x0)(x− x0)
the linearization of (2.5). There is a connection between the linearized system
and non-linear one which is provided by Hartman-Grobman Theorem. Prior to
giving the theorem, let us ﬁrst to deﬁne some prerequisites which are hyperbolic
critical points and topological conjugacy-equivalence.
Definition 2.2 Hyperbolic Critical Points: The critical point is hyper-
bolic, if the eigenvalues of Df(x0) have non-zero real part. Otherwise it is
non-hyperbolic critical point.
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Definition 2.3 Topological Conjugacy Assume that R and T are topo-
logical spaces, Φ(x, t) and ϕ(x, t) two ﬂows. The ﬂows Φ : R× R→ R× R and
ϕ : T × R→ T × R are conjugate if there is a homeomorphism h : R→ T such
that for each x ∈ R and all t ∈ R
h(Φ(x, t)) = ϕ(h(x), t). (2.12)
Theorem 2.4 Hartman-Grobman Theorem
If the velocity ﬁeld (2.5) with ﬂow Φ(x, t) has a hyperbolic critical points, then
there exist a neighbourhood  such that the non-linear system and the linearized
system are topologically conjugate on .
For the proof of this theorem we consult Meiss [1]. Simply, this theorem states
that the linear part of the vector ﬁeld determines the topology of critical points.
Let λi be the eigenvalues of Df(x0), the hyperbolic critical points for two-
dimensional ﬂow can be investigated into four classes:
(a) sink: if ∀Re(λi) < 0. (Stable Node)
(b) source: if ∀Re(λi) > 0. (Unstable Node)
(c) saddle: if at least one Re(λi) < 0, neither a sink nor a source.
(d) focus: if the eigenvalues are complex and Re(λi) 6= 0. Depending of their
stabilities focuses are a sink or a source.
Figure 2.1: The stabilities of the hyperbolic critical points (a) sink (stable
node) (b) source (unstable node) (c) saddle (d) sink (stable focus)
(e) source (unstable focus).
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Until now, the local analysis of the hyperbolic critical points is mainly pointed
out by linearising the given velocity ﬁeld. For the non-hyperbolic critical points
we can not use the Hartman-Grobman Theorem. The non-hyperbolic critical
points are the degenerate critical points occur when det(Df(x0)) = 0, which
have four cases, see Meiss [1].
2.2 Topological Equivalence and Structural Sta-
bility
The structure of streamline patterns is the main interest in this thesis. In a
diﬀerent system the streamline patterns can be alike. Even though topologi-
cal conjugacy helps us to correspond the each trajectories of ﬂows Φ(x, t) and
ϕ(x, t), it is too restrictive to make the trajectories same in phase portrait.
However the next theorem will protect to shape and direction of ﬂows which
will make two streamline patterns alike:
Definition 2.5 Topological Equivalence Assume that R and T are topo-
logical spaces, Φ(x, t) and ϕ(x, t) two ﬂows. The ﬂows Φ : R× R→ R× R and
ϕ : T ×R→ T ×R are equivalent if there is a homeomorphism h : R→ T , that
maps the streamlines of Φ(x, t) onto the streamlines of ϕ(x, t) (preserving the
direction of time).
Since our concern is just investigating a ﬂow in a local area, deﬁning h in a
subset of the ﬂow domain, we can say Φ(x, t) and ϕ(x, t) are locally topological
equivalent.
The question is why we need that equivalence. A small perturbations in the
ﬂow ﬁeld may result a structurally diﬀerence or not in the streamline patterns.
If the phase portrait of ﬂows is not eﬀected by a small perturbations, we will
call the system is structurally stable. The following deﬁnition will give us the
main idea.
Definition 2.6 Structurally stability Suppose v(x) is a continuously dif-
ferentiable vector ﬁeld. If all perturbations v(x) + (x) are topologically equiva-
lent to v(x) where (x) is suﬃciently small, the vector ﬁeld v(x) is structurally
stable.
Note that this depends on the class of perturbations, hence we will discuss this
in Hamiltonian case separately. The structurally stability of the hyperbolic
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critical points can be directly obtained by implicit function theorem, see details
Kuznetsov [2].
Definition 2.7 Implicit Function Theorem: Let us consider an open set
S ⊂ Rn × Rk, and T is continuously diﬀerentiable function in (S,Rn). Assume
a point (x0, c0) ∈ S such that T (x0; c0) = τ and DxT (x0; c0) is a non-singular
matrix. Then there are open sets U ⊂ Rn and V ⊂ Rk and a unique continuously
diﬀerentiable function f(c) : U → V for which x0 = f(c0) and T (f(c); c) = τ .
If one needs to locate bifurcation, the degenerate critical points need to be
investigated. Because these critical points are structurally unstable, they can
be aﬀected by a small perturbation.
2.3 Unfolding of degenerate critical points
A small perturbation in the velocity ﬁeld creates a bifurcation for the degenerate
critical points. This perturbation can be called an unfolding of the degenerate
critical points. Creating a new small parameters by using unfolding, a new
structure for the velocity ﬁeld may arise.
Mathematically, let us consider the system (2.7). Assume that the origin is a
degenerate critical point. We can deﬁne the unfolding of this degenerate critical
point as:
Definition 2.8 UnfoldingA family of vector ﬁelds f(x;µ), at origin f(x; 0) =
f(x), is said to be an unfolding of given degenerate critical point .
The implicit function theorem sheds light on focusing on a neighbourhood of
a given parameter value. To make a local bifurcation analysis, one needs to
investigate a local degenerate structure. The degeneracy degree of this structure
will be expressed by the number of parameter. Depending on these parameters
we will make a bifurcation analysis.
2.4 Normal Forms
The most important process in a way to analyse bifurcations in multidimensional
systems is to simplify a dynamical system as much as possible. We will restrict
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our attention to ﬁnd the simplest system by using a near identity transformation.
Let the autonomous system is given as
x˙ = Ax+ f2(x) + f3(x) + ... (2.13)
where x ∈ Rn, A is an n × n matrix and fi homogeneous vector polynomials
with the order i. The terms of fi are a linear combination of the following form
xi11 x
i2
2 ...x
in
n with
n∑
j=1
ij = i. (2.14)
To simplify the vector ﬁeld (2.13), let a near identity transformation be given
as
x = ξ + h(ξ) (2.15)
where h is a sum of hi which have the same property as fi. Diﬀerentiation of
(2.15) is
x˙ =
(
I +
∂h(ξ)
∂ξ
)
ξ˙ (2.16)
where ∂h(ξ)∂ξ is the Jacobian of h(ξ). Applying the transformation (2.15) into
the dynamical system (2.13), we have(
I +
∂h(ξ)
∂ξ
)
ξ˙ = A(ξ + h(ξ)) + f2(ξ + h(ξ)) + f3(ξ + h(ξ)) + ... (2.17)
The continuity of the Jacobian and det
∣∣∣I + ∂h(ξ)∂ξ ∣∣∣ 6= 0 ensures that we can
multiply both sides with the inverse of
(
I + ∂h(ξ)∂ξ
)
which gives
ξ˙ =
(
I +
∂h(ξ)
∂ξ
)−1
(A(ξ + h(ξ)) + f2(ξ + h(ξ)) + f3(ξ + h(ξ)) + ...) (2.18)
where the inverse matrix expansion is(
I +
∂h(ξ)
∂ξ
)−1
= I − ∂h2(ξ)
∂ξ
− ∂h3(ξ)
∂ξ
+
(
∂h2(ξ)
∂ξ
)2
+ ... (2.19)
Thus, eq. (2.18) can be written as
ξ˙ = Aξ +
(
Ah2(ξ)− ∂h2(ξ)
∂ξ
Aξ + f˜2(ξ)
)
+
(
Ah3(ξ)− ∂h3(ξ)
∂ξ
Aξ + f˜3(ξ, h2(ξ))
)
+O(ξ4), (2.20)
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where
f˜ =
(
I +
∂h(ξ)
∂ξ
)−1
f(ξ + h(ξ)) +
(
∂h2(ξ)
∂ξ
)2
Aξ − ∂h2(ξ)
∂ξ
Ah2(ξ) + ... (2.21)
If we want to remove the quadratic terms from (2.20), the following needs to be
solved (
Ah2(ξ)− ∂h2(ξ)
∂ξ
Aξ + f2(ξ)
)
= 0. (2.22)
This is called the homological equation for h2. We need to choose h2 such that
it will simplify the given dynamical systems as much as possible and we will call
that simpliﬁed dynamical system is normal form. Note that when A is the zero
matrix, h2 disappears from (2.22) and it can never be solved. In many cases in
this thesis, this is actually the case. Nevertheless, near-identity transformations
can be used to obtain simpliﬁcations as we shall see in the following chapters.
Let us illustrate the method with an example.
Example 2.1 Let us consider an one-dimensional system whose Taylor ex-
pansion is
x˙ = γ1x+ γ2x
2 + γ3x
3 +O(x4) (2.23)
Let us represent a near identity transformation
x = ξ + α2ξ
2 + α3ξ
3 +O(ξ4). (2.24)
We want to choose the αi to simplify (2.23). Diﬀerentiating (2.24) and substi-
tuting into (2.23) we obtain
ξ˙(1 + 2α2ξ + 3α3ξ
2 +O(ξ3)) = γ1ξ + (γ2 + α2γ1)ξ2 +O(ξ3). (2.25)
Dividing both sides by (1+2α2ξ+3α3ξ
2 +O(ξ3)) and expanding in power series,
one can obtain
ξ˙ = γ1ξ + (γ2 − α2γ1)ξ2 +O(ξ3). (2.26)
Assuming γ1 6= 0 and choosing
α2 =
γ2
γ1
(2.27)
it is possible to eliminate the quadratic term.
It will be worth pointing out that the normal form of the velocity ﬁeld is locally
topologically equivalent to the given velocity ﬁeld.
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2.5 Bifurcation Theory for Dynamical Systems
The unfolding of a degenerate critical points create some new parameters in the
system. Let us deﬁne this system as
x˙ = f(x;µi), i ≥ 1 (2.28)
where µi is a set of parameters. In ﬂuid structure, these parameters can be
gravity, Reynolds number, viscosity etc. A small perturbation of these param-
eters may aﬀect the system and change the structure of ﬂow. The structurally
changes on the system can be called bifurcations.
The next example may clarify the main idea:
Example 2.2 Let us consider a special unfolding for a one-dimensional ﬂow
x˙ = µ+ x2. (2.29)
The critical points, which can be obtained by solving x˙ = 0, are x = −√µ and
x =
√
µ. Depending on the sign of µ, the number of critical point may vary.
The creation and destruction of critical point can be seen in Fig. 2.2.
Figure 2.2: Creation and destruction the critical point, arrows demonstrate
the direction of velocity.
µ = 0 is called a bifurcation point, due to the fact that the creation starts at that
point. This bifurcation type is a well-known bifurcation which is called saddle-
node bifurcation. However we will call this kind of bifurcations, more generally,
co-dimension one bifurcation because the number of parameter, needed to dis-
play the bifurcation, is just one.
Changing the stability of a critical point is known as local bifurcation, or it is a
structurally change in the neighbourhood of a degenerate critical points.
There are also global bifurcations. These bifurcations are more diﬃcult to anal-
yse than local ones. Homo-clinic and hetero-clinic bifurcations can be given as
examples for global bifurcations. To clarify, see Fig. 2.3.
In the following chapters, we will have bifurcation diagrams which will give
us information about the critical points. In the bifurcation diagrams, one will
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see the local and global bifurcations which show the structurally changes in
streamline patterns.
Figure 2.3: A hetero-clinic connection between two saddle points, broken in a
global bifurcation.
Until now, we consider the general structure and system. From now on, we will
specify the ﬂow by considering the boundary conditions, total energy, continuity
etc.
2.6 Hamiltonian Systems and Stream Function
Modelling a dynamical system by taking account no energy loss, the system is
then called Hamiltonian, or conservative. The mathematical deﬁnition is:
Definition 2.9 Hamiltonian System A dynamical system on R2 is Hamil-
tonian if the system expressed in the form
x˙ =
∂H
∂y
, y˙ = −∂H
∂x
, (2.30)
where H(x, y) ∈ C2.
Along the trajectories, the total derivative can be written as
dH
dt
=
∂H
∂x
dx
dt
+
∂H
∂y
dy
dt
= 0, (2.31)
from chain rule and (2.30). Hence, H is constant and the trajectories can be
found as the contours deﬁned by H = constant.
For an incompressible 2D ﬂows or 3D axisymmetric ﬂow, the stream function is
deﬁned and it is useful to plot streamlines. Incompressibility of the ﬂows makes
the velocity ﬁeld divergence free, ∇.~v = 0. In a Cartesian coordinate system
(x, y), it follows a stream function ψ(x, y) exists such that
u(x, y) =
∂ψ
∂y
, v(x, y) = −∂ψ
∂x
, (2.32)
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where ~v = (u, v). In cylindrical coordinate (r, θ, z) for axisymmetric ﬂow, the
stream function ψ(r, z) exists (again due to the incompressibility) such that
u(r, z) =
1
r
∂ψ
∂z
, w(r, z) = −1
r
∂ψ
∂r
, (2.33)
where ~v = (u,w).
The velocity ﬁeld (2.5) in Cartesian coordinate system (x, y) can be written as
x˙ =
∂ψ
∂y
, y˙ = −∂ψ
∂x
, (2.34)
and in cylindrical coordinate system (for axisymmetric ﬂow) (r, θ, z), it is in the
form
x˙ =
∂ψ
∂z
, y˙ = −∂ψ
∂q
, (2.35)
where q = r
2
2 , which are Hamiltonian systems.
For Hamiltonian system, one can observe two kind of critical points which are
saddle and center. Type of the critical points can be determined by the deter-
minant of Jacobian matrix J of given Hamiltonian system,
* If |J|<0, the critical point is saddle,
* If |J|>0, the critical point is center,
where the Jacobian matrix is
J =
(
∂
∂x
∂ψ
∂y
∂
∂y
∂ψ
∂y
− ∂∂x ∂ψ∂x − ∂∂y ∂ψ∂x
)
. (2.36)
Note that in general linear center is not structurally stable (non-hyperbolic) but
for Hamiltonian system it is.
When |J | = 0, the critical point is degenerate, divided into two cases:
(a) Simple degenerate critical point: J is not the zero matrix with zero being
an eigenvalue with algebraic multiplicity two and geometric multiplicity
one.
(b) Non-simple degenerate critical point: J is the zero matrix with zero being
an eigenvalue with algebraic and geometric multiplicity two.
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A Taylor expansion of the stream function at any point (x0, y0) is written
ψ =
∑
n,m
(x− x0)n(y − y0)m. (2.37)
Depending on the ﬂow conditions, one can reduce the number of coeﬃcient from
the given stream function. Hence, we will give some boundary conditions in the
next section, which are used in this thesis.
2.7 Basic Equations and Boundary Conditions for
a Steady Flow
In this section, we allude to some essential prerequisites to use in forthcoming
chapters. Prior to investigation of the topological aspect, it will be useful to
deﬁne the boundary conditions and the Navier-Stokes equations in order to
reduce the number of coeﬃcients in the velocity ﬁeld.
Note that in this thesis, we assume that the ﬂow is steady, incompressible and
viscous.
In Cartesian coordinates (x, y, z) with the corresponding velocity components
v = (u, v, w), the steady Navier-Stokes equation is written as
ρ(v.∇v) = −∇p+ µ∇2v + f, (2.38)
∇.v = 0, (2.39)
where ρ, p, µ and f are the density, pressure, dynamic viscosity and the other
body forces acting on ﬂuid, respectively. The body forces could be gravity force
g, but this force can be included into pressure.
It is possible to ﬁnd the Navier-Stokes equation for all coordinate systems in
ﬂuid mechanics textbooks. From one of them, Landau and Lifshitz [3] expressed
(2.38) and (2.39) in cylindrical coordinates (r, θ, z) with corresponding velocity
2.7 Basic Equations and Boundary Conditions for a Steady Flow 17
component (u, v, w) as
1
r
∂(ru)
∂r
+
1
r
∂v
∂θ
+
∂w
∂z
= 0, (2.40a)
ρ
(
γ.∇u− v
2
r
)
= µ
(
∇2u− u
r2
− 2
r2
∂v
∂θ
)
− ∂p
∂r
, (2.40b)
ρ
(
γ.∇v + uv
r
)
= µ
(
∇2v − v
r2
+
2
r2
∂u
∂θ
)
− 1
r
∂p
∂θ
, (2.40c)
ρ (γ.∇w) = µ∇2w − ∂p
∂z
, (2.40d)
where
∇2 = 1
r
∂
∂r
(
r
∂
∂r
)
+
1
r2
∂2
∂θ2
+
∂2
∂z2
and γ = (u,
v
r
, w). (2.41)
In the forthcoming chapters, we investigate the ﬂow close to a surface. On the
surface, we have three kinds boundary conditions; kinematic, tangential stress
and normal stress boundary conditions. Prior to introducing these boundary
conditions, we need to give some basic tools.
Normal and tangential vector
The normal vector n and the tangential vectors t1 and t2 of the surface z =
F (r, θ) for the cylindrical coordinate (r, θ, z) are
n =
(
1 + Fr
2 +
1
r2
Fθ
2
)−1/2(
−Fr,−1
r
Fθ, 1
)
, (2.42a)
t1 =
(
1 + Fr
2
)−1/2
(1, 0, Fr) , (2.42b)
t2 =
(
1 +
1
r2
Fθ
2
)−1/2(
0, 1,
1
r
Fθ
)
, (2.42c)
where Fr =
∂F
∂r and Fθ =
∂F
∂θ . For the Cartesian coordinate (x, y, z), they are
on the surface z = F (x, y),
n =
(
1 + Fx
2 + Fy
2
)−1/2
(−Fx,−Fy, 1) , (2.43a)
t1 =
(
1 + Fx
2
)−1/2
(1, 0, Fx) , (2.43b)
t2 =
(
1 + Fy
2
)−1/2
(0, 1, Fy) , (2.43c)
where Fx =
∂F
∂x and Fy =
∂F
∂y . These vectors are illustrated in Fig. 2.4. In
Wolfram website [4], one can ﬁnd detailed explanation of these vectors.
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Figure 2.4: A surface F with the normal and tangential vectors.
We note that the kinematic and tangential stress boundary conditions help us to
reduce the number of coeﬃcients from (2.37), however, the normal stress bound-
ary condition not. It just give us some physical relations between the coeﬃcients
of pressure expansion and the coeﬃcients of velocity expansion. Therefore, we
will consider them separately and taking into account the free and viscous sur-
face.
For a viscous surface, we need to consider two immiscible ﬂuids and for a free
surface just one ﬂuid.
Let us to use m, (m = 1, 2), subscript to separate given ﬂuid. For instance, the
velocity component u is u1 for ﬂuid 1 and u2 for ﬂuid 2.
Figure 2.5: Two immiscible ﬂuids with viscous surface.
2.7 Basic Equations and Boundary Conditions for a Steady Flow 19
2.7.1 Viscous Surface
It will be useful to express the radii of curvature, which we will use when we
introduce the boundary conditions.
The sum of the principal radii of curvature
In three dimensional coordinate systems, more than one curvature at a given
point exist. Each plane through this point containing the normal line to the
surface cuts the surface in a plane. At this point, inﬁnitely many planes exist,
and they all have the normal. The curvature can be found by the relation of
these planes with the surface.
Let consider the maximum and minimum of the set of curvatures R1 and R2.
They can be directly obtained by the diﬀerential geometry books, for instance
[5]. However, our interest is only to ﬁnd the average of the principal curvatures.
That can be obtained from the mean curvature, because the mean curvature is
in the form
H =
1
2
(
1
R1
+
1
R2
)
. (2.44)
Hence, in the sequel our concern will be about obtaining the analysis of 2H
(total curvature) of a given surface.
The mean curvature can be obtained by several approaches or formulas. We
prefer the following formula,
2H = −∇.n = 1
R1
+
1
R2
, (2.45)
where n is the normal vector at a given point. This equality has been proved
by Peters [6] and Henson [7].
Using the expression (2.45), the sum of radii of curvature of the surface z =
F (r, θ) in cylindrical coordinates (r, θ, z) is written as
1
R1
+
1
R2
= −∇.n = −1
r
[
∂
∂r
( r
M
Fr
)
+
∂
∂θ
(
1
rM
Fθ
)]
, (2.46)
where M =
(
1 + (Fr)
2
+ 1r2 (Fθ)
2
)1/2
and n is directed into ﬂuid 1, and in
Cartesian coordinate (x, y, z)
1
R1
+
1
R2
=
2FxyFxFy − Fyy(Fx2 + 1)− Fxx(Fy2 + 1)
(1 + Fx
2 + Fy
2)3/2
(2.47)
where the surface equation is z = F (x, y).
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Kinematic and Tangential Stress Boundary Conditions
The kinematic boundary condition states that the velocity ﬁeld is parallel to
the interface or surface, that means
n · ~vm = 0, (2.48)
where ~vm = (um(x, y, F (x, y)), vm(x, y, F (x, y)), wm(x, y, F (x, y))) is velocity
ﬁeld in Cartesian coordinate (x, y, z) and ~vm = (um(r, F (r)), wm(r, F (r))) in
cylindrical coordinate (r, θ, z) with the axisymmetric ﬂow.
Due to the motion of two immiscible ﬂuids, we must take into account the
surface tension. When the surface tension coeﬃcient is a constant, the boundary
condition for a general three dimensional ﬂow of two immiscible viscous ﬂuids
is given by Landau and Lifshitz [3] as
nj(Υ2ij −Υ1ij) = σ
(
1
R1
+
1
R2
)
ni, (2.49)
which express the balance of the forces of viscous friction on the surface between
ﬂuids. In here, Υmij is the stress tensor, σ is the surface tension, and R1 and R2
are the principal radii of curvature at a given point of the surface, respectively.
The stress tensor is deﬁned as
Υij = −pδij + τij , (2.50)
where p, δij and τij are the pressure, Kronecker's delta and viscous stress tensor,
respectively. The viscous tensor is deﬁned by Landau and Lifshitz [3] for an
incompressible ﬂow in Cartesian coordinate (x, y, z) as
τij = µ
(
∂ui
∂xj
+
∂uj
∂xi
)
, (2.51)
where µ is the viscosity. The stress tensor is in the form
Υ =

−p+ 2µ (∂u∂x) µ( ∂v∂x + ∂u∂y) µ (∂w∂x + ∂u∂z )
µ
(
∂v
∂x +
∂u
∂y
)
−p+ 2µ
(
∂v
∂y
)
µ
(
∂v
∂z +
∂w
∂y
)
µ
(
∂w
∂x +
∂u
∂z
)
µ
(
∂v
∂z +
∂w
∂y
)
−p+ 2µ (∂w∂z )
 , (2.52)
where (u, v, w) are the velocities. In cylindrical coordinates (r, θ, z) with the
velocity component (u, v, w), the stress tensor is written as
Υ =

−p+ 2µ (∂u∂r ) µ(r ∂(v/r)∂r + 1r ∂u∂θ) µ (∂w∂r + ∂u∂z )
µ
(
r ∂(v/r)∂r +
1
r
∂u
∂θ
)
−p+ 2µ ( 1r ∂v∂θ + ur ) µ (∂v∂z + 1r ∂w∂θ )
µ
(
∂w
∂r +
∂u
∂z
)
µ
(
∂v
∂z +
1
r
∂w
∂θ
) −p+ 2µ (∂w∂z )
 . (2.53)
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The balance of the tangential stress at a viscous surface can be obtained from
the dot product of (2.49) and ti
nj(Υ2ij −Υ1ij)ti = σ
(
1
R1
+
1
R2
)
niti. (2.54)
Since ni · ti = 0, we have
nj(Υ2ij −Υ1ij)ti = 0. (2.55)
Note that this gives us to two boundary conditions, as it must be used for two
linearly independent tangential vectors.
Normal Stress Boundary Condition
The balance of the normal stress at a viscous surface can be obtained from the
dot product of (2.49) and ni
nj(Υ2ij −Υ1ij)ni = σ
(
1
R1
+
1
R2
)
nini. (2.56)
Since ni · ni = 1, we have
nj(Υ2ij −Υ1ij)ni = σ
(
1
R1
+
1
R2
)
. (2.57)
2.7.2 Free Surface
If the surface of a ﬂuid has both zero normal stress and parallel shear stress,
the surface is called "free surface", such as the boundary between air and water.
The boundary conditions for a free surface can be obtained by neglecting one
of the stress in the ﬂuid.
The kinematic boundary condition is
n.~v = 0. (2.58)
The tangential stress boundary condition is
nj(Υij)ti = 0, (2.59)
and the normal stress boundary condition is
nj(Υij)ni = σ
(
1
R1
+
1
R2
)
. (2.60)
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Chapter 3
Unfolding of Non-simple
Degenerate Streamline
Patterns Near a No-slip
Wall
In ﬂuid dynamics, there exist many challenges in analysing the ﬂow motion
analytically, numerically and experimentally. Many scientists have wondered
the behaviour and structure of ﬂow in diﬀerent ﬂow situations. As we know the
ﬂow can be laminar or turbulent; stationary or non-stationary; viscous or not.
Depending on these situations many researches have been conducted over long
periods. Using the Eulerian or Lagrangian approaches, the equations for ﬂuid
dynamics formulated, and to analyse these equations, many method have been
introduced and explored to visualize the ﬂow motion.
In this chapter, we consider two-dimensional viscous ﬂow and wonder which
streamline patterns can be observed near a no-slip wall. As a way to obtain these
streamline patterns, possibly the most elementary approach to identiﬁcation of
structures in ﬂows is considered, which is the topology of the streamlines
x˙ = v(x) (3.1)
where v is the velocity ﬁeld. As we mention before that the critical points deﬁned
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by v = 0 organize the phase portrait of an autonomous system like (3.1). The
analysis of streamline topology has a long history with pioneering work by Dean
[8], Legendre [9, 10, 11] and Delery [12], followed by many others [13, 14, 15, 16].
The main idea of all these studies is to expand the velocity ﬁeld or stream
function in Taylor series. Dean [8] considered these expansions as a solution
of the Navier-Stokes equation and investigated the ﬂow situations, which are
attached and separated to solid boundaries. Depending on the situation of ﬂow
many studies developed by using this idea.
As known, the ﬂow can be characterized by a Froude, Weber, Reynolds number,
geometric properties, time (for unsteady ﬂow) and so on. We will call them all
as a parameter which are eﬀecting the ﬂow. The question may arise what
happens to the ﬂow structure when these parameters vary. Bifurcation theory
can be applied to characterize the changes in streamline pattern. A general
bifurcation theory for streamline patterns has been developed by several authors
[16, 17, 18, 19, 20, 21]. The possible bifurcations of two dimensional ﬂow close
to a stationary linear wall have been investigated by Bakker [16]. In this study,
he discussed changes in ﬂow topology by considering the bifurcations of critical
points. Using normal forms, this study is revisited by Hartnack [19]. The
non-linear ﬁxed wall and the time dependence of the streamlines is considered.
Up to codimension three, possible bifurcations have been observed for a simple
degenerate critical points. He also observed the bifurcations for a non-simple
degeneracy up to codimension two and investigated the eﬀect of the Navier-
Stokes equations. Our study is an extension of Hartnack's study. The non-
simple case is revisited and extended up to codimension three. The results in
this chapter are published in [22].
Let us commence to introduce some phenomena from this study. A two dimen-
sional incompressible ﬂow close to ﬁxed wall (y = 0) is considered. The local
structure of the streamlines close to a point which we take to be the origin, can
be found from a Taylor expansion of the stream function. Under the assumption
of zero-ﬂux and no-slip conditions, one can write the stream function as
ψ = y2
∞∑
n,m=0
an,m+2x
nym, (3.2)
and the velocity ﬁeld is
u =
∂ψ
∂y
, v = −∂ψ
∂x
. (3.3)
Up to the orders ﬁve, a Taylor expansion of the stream function is in the form
ψ = y2(a0,2 + a1,2x+ a0,3y + a2,2x
2 + a1,3xy + a0,4y
2) +O(|x, y|5). (3.4)
If a0,2 = 0, the origin is a critical point and the type of the point is given by
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the eigenvalues of the Jacobian matrix
J =
(
ux uy
vx vy
)
=
(
2a1,2 3a0,3
0 −a1,2
)
. (3.5)
If a1,2 6= 0, the eigenvalues are real and non-zero, such that the critical point is
a regular point of separation or attachment. If, however, a1,2 = 0 the critical
point is degenerate, and a small variation of the coeﬃcients an,m may result
in a qualitative change of the local streamline pattern, that is, a bifurcation.
A bifurcation analysis is eﬃciently approached by obtaining a normal form,
where as many higher-order terms as possible in (3.4) are removed by non-
linear coordinate transformations. The number of bifurcation parameters which
remain in the normal form is the co-dimension of the degenerate critical point.
Under the non-degeneracy condition a0,3 6= 0 normal forms and bifurcation
diagrams of co-dimension up to three has been obtained in [16, 19, 20]. This is
known as the simple case, while the case a0,3 = 0 is non-simple. The most basic
non-simple situation has co-dimension two under the non-degeneracy conditions
a2,2 6= 0, a˜0,4 = a0,4 −
a21,3
4a2,2
6= 0 (3.6)
which is studied in [16, 19]. Here, we scale the deﬁnition of a˜0,4 by multiplying
a2,2. Two diﬀerent bifurcation diagrams have been obtained from this normal
form, depending on the value of σ, where
σ =
{
+1 for a2,2/a˜0,4 > 0
−1 for a2,2/a˜0,4 < 0 ,
and c0,2 and c0,3 are suﬃciently small transformed parameters.
The case where the ﬁrst condition is violated, together with other non-degeneracy
conditions,
a0,2 = a1,2 = a0,3 = a2,2 = 0, a1,3 6= 0, a3,2 6= 0, (3.7)
has codimension three [23, 24].
Hartnack [19] also mentions the eﬀect of the Navier-Stokes equations on the
streamline topology. According to his results, it is impossible to have a˜0,4 = 0
for a steady ﬂow, that is, this condition just need to be seen for unsteady ﬂow.
Our interest is that which kind of bifurcations can be obtained for an unsteady
ﬂow. Hence we break the other condition instead of a2,2
a0,2 = a1,2 = a0,3 = a˜0,4 = 0, a2,2 6= 0. (3.8)
In the rest of thesis, we will obtain the normal form and the bifurcation diagram
associated with this degeneracy under a further non-degeneracy condition of the
26
Unfolding of Non-simple Degenerate Streamline Patterns Near a No-slip
Wall
form a˜0,5, which will be given in the next section, is a parameter which appears
in the course of the analysis. In the application section, we will show that the
bifurcation diagram is the relevant one for the vortex-driven ﬂow. With this
analysis, all topological bifurcation diagrams for ﬂows close to a no-slip wall
with codimension up to three have been obtained.
3.1 Normal form for the degenerate case
In this section, we perform a series of coordinate transformations in an attempt
to simplify the streamfunction (3.2) by using the assumptions (3.8). Since a0,2 =
a1,2 = a0,3 = 0, equation (3.2) is written as
ψ = y2(a2,2x
2 + a1,3xy + a0,4y
2 + a3,2x
3 + a2,3x
2y
+ a1,4xy
2 + a0,5y
3 +O(|x, y|4)). (3.9)
Following Hartnack [19], we introduce the new variable ξ = x+
a1,3
2a2,2
y to elim-
inate the term a1,3xy
3. As a consequence of assumption a˜0,4 = 0, the stream-
function then reads
ψ = y2
(
a2,2ξ
2 + a3,2ξ
3 + a˜2,3ξ
2y + a˜1,4ξy
2 + a˜0,5y
3 +O(|ξ, y|4)) , (3.10)
where
a˜2,3 = a2,3 − 3a3,2a1,3
2a2,2
,
a˜1,4 = a1,4 − a2,3a1,3
a2,2
+
3a3,2a1,3
2
4a2,2
2 , (3.11)
a˜0,5 = a0,5 − a1,4a1,3
2a2,2
+
a2,3a1,3
2
4a2,2
2 −
a3,2a1,3
3
8a2,2
3 .
Further simpliﬁcations can be obtained from non-linear coordinate transforma-
tions. Deﬁne a near-identity transformation such that the wall y = 0 is mapped
η = 0 by
ξ = χ+ r2,0χ
2 + r1,1χη + r0,2η
2, y = η + s1,1χη + s0,2η
2. (3.12)
The transformed streamfunction is written as
ψ = η2(a2,2χ
2 + (2 a2,2r2,0 + 2 s1,1a2,2 + a3,2)χ
3
+ (2 a2,2r1,1 + 2 s0,2a2,2 + a˜2,3)χ
2η
+ (2 a2,2r0,2 + a˜1,4)χη
2 + a˜0,5η
3 +O(|χ, η|4)).
(3.13)
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(a) (b)
Figure 3.1: Streamline patterns close to the degenerate critical point for the
normal form (3.15). (a): σ = 1, (b): σ = −1.
The terms χ3η2, χ2η3 and χη4 can be eliminated by choosing r2,0 = 0, r1,1 = 0,
r0,2 = − a˜1,42a2,2 , s1,1 = −
a3,2
2a2,2
and s0,2 = − a˜2,32a2,2 and we get
ψ = η2
(
a2,2χ
2 + a˜0,5η
3 +O(|χ, η|4)) . (3.14)
Finally, we scale time by dividing the stream function by a˜0,5 and scale χ by
substituting χ =
√
| a˜0,5a2,2 |x′ and obtain
ψ = η2
(
σx′2 + η3 +O(|x′, η|4)) . (3.15)
where
σ =
a2,2
a˜0,5
∣∣∣∣ a˜0,5a2,2
∣∣∣∣ = { +1 for a2,2/a˜0,5 > 0−1 for a2,2/a˜0,5 < 0 ,
and we have assumed a˜0,5 6= 0. To analyse the topology of the ﬂow close to
the critical point (0, 0) of (3.15), we look for possible separatrices (dividing
streamlines) by solving ψ = 0. Disregarding the O-term, the solutions are
η = 0, η =
(−σx′2)1/3 , (3.16)
where the ﬁrst solution corresponds to the wall and the latter forms a cusp
which is in the ﬂuid domain η > 0 only if σ = −1. The possible streamline
patterns are shown in Fig. 3.1.
Again note that the stream function (3.9) cannot occur in a steady ﬂow. Hence,
the analysis of this paper is relevant only for unsteady ﬂow.
3.2 Unfolding of the degenerate case
The degenerate case is structurally unstable. Small perturbations of the param-
eters away from the degenerate value may result in diﬀerent streamline patterns.
Following the approach from the previous section, we will now derive a normal
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form to simplify the bifurcation analysis. We deﬁne again the new variable
ξ = x+
a1,3
2a2,2
y and substituting this into Eqn. (3.2), we get
ψ = y2(1 + 2ξ + 3y + 4y
2 + a2,2ξ
2
+ a3,2ξ
3 + a˜2,3ξ
2y + a˜1,4ξy
2 + a˜0,5y
3 +O(|ξ, y|4)), (3.17)
where
a0,2 = 1, a1,2 = 2, a0,3 − a1,3a1,2
2a2,2
= 3, a0,4 − a1,3
2
4a2,2
= 4, (3.18)
are small parameters and a˜2,3, a˜1,4, a˜0,5 are given in (3.11).
To further simplify the stream function, we apply the near-identity transforma-
tion
ξ = χ+ r0,2η
2, y = η + s1,1χη + s0,2η
2. (3.19)
As in the degenerate case, we aim at removing the χ3y2, χ2y3 and χy4-terms.
The coeﬃcients for these terms in the transformed stream function are
f(2, s1,1) = s1,1
22 + a3,2 + 2 s1,1a2,2,
g(2, 3, s0,2) = 2s0,2a2,2 + 2 s1,1s0,22 + a˜2,3 + 3 s1,1
23,
h(2, 3, 4, r0,2) = 6s1,13s0,2 + 4s1,1r0,22 + 4 4s1,1
+ a˜1,4 + 2a2,2r0,2 + s0,2
22,
(3.20)
respectively. Since
f(0,− a3,2
2a2,2
) = 0,
∂f
∂s1,1
(0,− a3,2
2a2,2
) = 2a2,2 6= 0,
(3.21)
it follows from the implicit function theorem that there exists a function s1,1(2)
with s1,1(0) = − a3,22a2,2 such that f(2, s1,1(2)) = 0, for 2 suﬃciently small.
Similarly, we ﬁnd functions s0,2(2, 3) and r0,2(2, 3, 4) which solve g = 0 and
h = 0, respectively. Again, we only use the assumption a2,2 6= 0 and the implicit
function theorem. This yields the stream function
ψ = η2
(
1 + ˆ2χ+ ˆ3η + aˆ2,2χ
2 + ˆ4χη + ˆ5η
2 + aˆ0,5η
3
)
, (3.22)
where the ˆ are transformed small parameters and aˆ2,2 = a˜2,2 + O(ˆ), aˆ0,5 =
a˜0,5 + O(ˆ). Further, by a scaling of the time by dividing the stream function
by aˆ0,5, we obtain
ψ = η2
(
1 + ˜2χ+ ˜3η +
aˆ2,2
aˆ0,5
χ2 + ˜4χη + ˜5η
2 + η3 +O(|χ, η|4)
)
, (3.23)
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and, ﬁnally, to eliminate the χη2 and χη3-terms, we apply a ﬁnal simpliﬁcation
by introducing new variables
χ = a+ bx1 + cy1, η = y1. (3.24)
Choosing the coeﬃcients as
a = − ˜2aˆ0,5
2aˆ2,2
, b =
∣∣∣∣ aˆ0,5aˆ2,2
∣∣∣∣1/2 , c = − ˜4aˆ0,52aˆ2,2 , (3.25)
the simpliﬁed stream function is then written as
ψ = y21(c0,0 + c0,1y1 + c0,2y
2
1 + y
3
1 + σx
2
1 +O(|x1, y1|4)) (3.26)
where
c0,0 = 1 − ˜
2
2aˆ0,5
4aˆ2,2
, c0,1 = ˜3 − ˜2˜4aˆ0,5
2aˆ2,2
c0,2 = ˜5 − ˜
2
4aˆ0,5
4aˆ2,2
, σ =
aˆ2,2
aˆ0,5
∣∣∣∣ aˆ0,5aˆ2,2
∣∣∣∣ , (3.27)
c0,0, c0,1 and c0,2 are small parameters. Note that the deﬁnition of σ agrees with
that for the degenerate case. When the bifurcation parameters are suﬃciently
small a2,2 and aˆ2,2 are of the same sign, as is the case for aa˜0,5 and aˆ0,5.
We summarize our ﬁndings in
Theorem 3.1 Let a0,2, a1,2, a0,3 and a˜0,4 be small parameters. Assuming
the non-degeneracy conditions a2,2 6= 0 and a˜0,5 6= 0 the normal form for the
streamfunction (3.2) is
ψ = y2
(
c0,0 + c0,1y + c0,2y
2 + y3 + σx2 +O(|x, y|4)) , (3.28)
where
σ =
{
+1 for a˜2,2/a˜0,5 > 0
−1 for a˜2,2/a˜0,5 < 0 ,
c0,0, c0,1, c0,2 are small transformed parameters.
3.3 Bifurcation analysis of the normal form
In this section, we analyze the bifurcations in the dynamical system deﬁned
by the normal form (3.28). Diﬀerent values for σ, we decide the bifurcation
diagrams and analyze the topology of the ﬂow ﬁeld both on-wall and oﬀ-wall
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critical points. Truncating the O-term in (3.28), the dynamical system is in the
form (time-scaled by y)
x˙ = 2 c0,0 + 3 c0,1y + 4 c0,2y
2 + 5 y3 + 2σx2
y˙ = −2σyx (3.29)
with the determinant of the Jacobian
|J | = 6σc0,1y + 16σc0,2y2 − 8x2 + 30σy3. (3.30)
Remember that the critical points are called "saddle" when |J | < 0, "center"
when |J | > 0 and "degenerate" when |J | = 0.
We have four diﬀerent kinds of bifurcation for this system. They are:
 Local bifurcation for on-wall critical points
 Local bifurcation for oﬀ-wall critical points
 Global bifurcation associated with oﬀ-wall critical points
 Global bifurcation associated with on-wall and oﬀ-wall critical points.
Local bifurcations associated with degenerate critical points and global bifur-
cations associated with the hetero-clinic connection of critical points. Simply,
a global bifurcation appears when the value of ψ at diﬀerent critical points of
saddle type coincide.
3.3.0.1 Local bifurcation for on-wall critical points
To ﬁnd the local bifurcation curve for on-wall critical points, we insert y = 0
(on-wall condition) into (3.29),
x˙ = 2 c0,0 + 2σ x
2, y˙ = 0. (3.31)
From this, one ﬁnds that
(√−σc0,0, 0) and (−√−σc0,0, 0) are critical points.
This shows that there are two on-wall critical points when σc0,0 < 0, and no
critical points when σc0,0 > 0. Hence, a local bifurcation occurs on the line
c0,0 = 0.
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3.3.0.2 Local bifurcation for oﬀ-wall critical points
To ﬁnd local bifurcation for oﬀ-wall critical points, we substitute x = 0 into
(3.29) and (3.30). The local bifurcation curve can be obtained by using "resul-
tant" command in "Maple". Eliminating y from x˙ = 0 and |J | = 0, one ﬁnds
c0,0(128c0,0c
3
0,2 − 36c20,1c20,2 − 540c0,0c0,1c0,2 + 135c30,1 + 675c20,0) = 0. (3.32)
We are not interested in the line c0,0 any more since it is already a local bifur-
cation curve. The second factor of (3.32) is quadratic for c0,0, hence we solve
it with respect to c0,0. The discriminant of (3.32) is 4(16c
2
0,2 − 45c0,1)3. We
use ∆ = 16c20,2 − 45c0,1 as a more convenient parameter instead of c0,1 since it
determines the number of critical points. From now on, as a parameter space,
we will use (c0,0, c0,2,∆). The local bifurcation for oﬀ-wall points occurs on the
curves (∆ > 0),
Γ± : c0,0(1,2) =
32
675
c0,2
3 − 2
225
∆c0,2 ± 1
675
√
∆3. (3.33)
These curves, however, shows the bifurcation for all the critical points which are
under and above the wall. We are just interested in the critical points above
wall (or positive 'y'). To separate the under-wall critical points, we need to
examine x˙ = 0 for x = 0. The critical points can be found by solving
2 c0,0 + 3 c0,1y + 4 c0,2y
2 + 5 y3 = 0. (3.34)
Using the substitutions c0,1 =
16c20,2−∆
45 and (3.33) into (3.34), we have
5 y3 + 4 c0,2y
2 +
16c0,2
2
15
y − ∆
15
y +
64c0,2
3
675
− 4∆c0,2
225
± 2∆
3/2
675
= 0. (3.35)
Solving this equation with respect to ′y′, we obtain
y1 = −2
√
∆
15
− 4c0,2
15
, y2,3 =
√
∆
15
− 4c0,2
15
for Γ+, (3.36)
y1 =
2
√
∆
15
− 4c0,2
15
, y2,3 = −
√
∆
15
− 4c0,2
15
for Γ−. (3.37)
These roots show us that the positive roots have occurred when c0,2 < 0 for
∆ = 0. For ∆ > 0, we have the following relations: For Γ+;
c0,2 < −
√
∆
2
⇒ y1,2,3 > 0, (3.38)
−
√
∆
2
<c0,2 <
√
∆
4
⇒ y1 < 0, y2,3 > 0, (3.39)
c0,2 >
√
∆
4
⇒ y1,2,3 < 0, (3.40)
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and for Γ−;
c0,2 < −
√
∆
4
⇒ y1,2,3 > 0, (3.41)
−
√
∆
4
<c0,2 <
√
∆
2
⇒ y1 > 0, y2,3 < 0, (3.42)
c0,2 >
√
∆
2
⇒ y1,2,3 < 0. (3.43)
From these relations, we can decide the normal form of the local bifurcation
curves Γ±. Since the roots of (3.34) must be positive, we have to eliminate the
curves in (3.40) for Γ+ and the curves in (3.43) for Γ−. In addition, the local
bifurcation occurs under the wall for the condition (3.42), therefore, we have
also eliminated it.
3.3.0.3 Global bifurcation associated with on-wall and oﬀ-wall crit-
ical points
There exists also a possibility of the saddle-saddle connection between the oﬀ-
wall and the on-wall critical points. This type global bifurcation corresponds
to the stream function attaining the on-wall value of zero in an oﬀ-wall critical
point. It occurs when we eliminate y from ψ = 0 and x˙ = 0 by using "resultant"
command in "Maple" and obtain
c0,0
(
4 c0,0c0,2
3 − c0,12c0,22 − 18 c0,0c0,1c0,2 + 4 c0,13 + 27 c0,02
)
= 0. (3.44)
This equation is also quadratic for c0,0, and can be solved with respect to c0,0.
The discriminant of (3.44) is 16(c20,2−3c0,1)3. In here, we choose E = c20,2−3c0,1
as a parameter instead of c0,1, due to the same reason of choosing ∆. The global
bifurcation for on-wall and oﬀ-wall saddle critical points occurs
γ± : c0,0(1,2) =
1
27
c0,2
3 − 1
9
Ec0,2 ± 2
27
√
E3. (3.45)
It is suitable to write E =
∆−c20,2
15 . It implies that when −
√
∆ < c0,2 <
√
∆
we have two solutions for c0,0. This bifurcation only occurs when c0,0 < 0 since
the on-wall critical points only appear for c0,0 < 0. We also observed that for
σ = 1, just γ2 and for σ = −1, just γ1 has a signiﬁcance since coinciding points
must be only saddle.
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3.3.0.4 Global bifurcation associated with oﬀ-wall critical points
Finally, one should consider the heteroclinic bifurcation among the oﬀ-wall crit-
ical points. Such connections happen when the streamfunction attains the same
values at two saddle critical points. We can ﬁnd this bifurcation by eliminating
y1 and y2 from
x˙(0, y1) = 5 y1
3 + 4 c0,2y1
2 + 3 c0,1y1 + 2 c0,0 = 0, (3.46a)
x˙(0, y2) = 5 y2
3 + 4 c0,2y2
2 + 3 c0,1y2 + 2 c0,0 = 0, (3.46b)
ψ(0, y1)− ψ(0, y2) = (−y2 + y1) (c0,2y13 + c0,2y12y2 + c0,2y1y22 + c0,2y23
+ y1
4 + y1
3y2 + y1
2y2
2 + y1y2
3 + y2
4 + c0,1y1
2 + c0,1y1y2
+ c0,1y2
2 + c0,0y1 + c0,0y2) = 0, (3.46c)
where y1 6= y2. The resultant of eq. (33b) and eq. (33c) with respect to y2
gives an expression, after that again construction the resultant between this
expression and (33a) with respect to y1 gives the following equation
128 c0,0c0,2
3 − 36 c0,12c0,22 − 540 c0,0c0,1c0,2 + 135 c0,13 + 675 c0,02 = 0 (3.47)
where we again have removed factors which correspond to bifurcations studied
above. Providing the global bifurcations for oﬀ-wall critical points, we substitute
c0,1 =
16c20,2−∆
45 into (3.47) and solve it for c0,0 yields
ζ± : c0,0± =
94
225
c0,2
3 − 7
225
∆ c0,2
± 2
675
√
15625 c0,26 − 1875 ∆ c0,24 + 75 ∆2c0,22 −∆3. (3.48)
The global bifurcation between oﬀ-wall and oﬀ-wall saddle points only occurs
when the conditions σ = −1 and ∆ > 0 are fulﬁlled. In addition, we need to
have at least three critical point. Since we just only observe three critical points
between the local bifurcation curves and for c0,0 < 0, we eliminate all the other
parts of this curve.
In Fig. 3.2 and 3.3, we only have the local bifurcation for the on-wall critical
points. Physically, for σ = 1 and ∆ < 0, while there is no ﬂow for c0,0 > 0, a
separation bubble occurs for c0,0 < 0.
In the following ﬁgures, the full lines are local bifurcation curves c0,0 = 0 and
Γ±, the dotted lines are the global bifurcation curves γ±, and the dash-dotted
line is the global bifurcation curve ζ+. The points AE mark where diﬀerent
bifurcation curves meet.
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c0,2
c0,0
(a) (b)
c0,2
c0,0
Figure 3.2: Bifurcation diagrams for the normal form (3.15) for ∆ < 0. (a):
σ = 1, (b): σ = −1.
c0,2
c0,0 c0,0
c0,2
(a) (b)
Figure 3.3: Bifurcation diagrams for the normal form (3.15) for ∆ = 0. (a):
σ = 1, (b): σ = −1.
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Figure 3.4: Bifurcation diagrams for the normal form (3.15) for ∆ > 0 and
σ = 1.
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Figure 3.5: Bifurcation diagrams for the normal form (3.15) for ∆ > 0 and
σ = −1.
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Since we just consider the existence of a stream function, all possible streamline
patterns have been observed. The advantage of obtaining these patterns is to
see and realize the process of ﬂow movement.
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3.4 Application
As an application, we consider a vortex convected close to a stationary wall
which induces a viscous response from the wall boundary layer in Fig. 3.6. This
section is a short review of [22], and the ﬁgures are all from that paper.
For a suﬃciently high Reynolds number vorticity from the boundary layer is
ejected into the surrounding ﬂuid, resulting in secondary vortex structures. This
phenomenon is called eruption of the boundary layer. Our starting point is
the analysis by Kudela and Malecha [25, 26] who showed numerically how the
streamline pattern changes through several stages as a vortex erupts from the
boundary layer. In [22], we provide further numerical simulations to understand
the process in more detail when the Reynolds number and time vary.
Kudela and Malecha [25, 26] observed various diﬀerent streamlines during the
eruption process by using a ﬁxed wall from the conﬁguration as in Fig. 3.6. A
Gaussian vortex with core radius a, which is circulating clock-wise with strength
−Γ and the distance d from a ﬂat wall is considered at t = 0. This is then
evolved for a short relation time with a free-slip wall boundary to smooth out
transient oscillations, allowing the ﬂow to adjust. When the initial oscillations
are reduced, the wall boundary condition is instantaneously switched to a no-
slip wall and the computation is continued. The equations were solved in a
coordinate system where the vortex is initially at rest. The equations are non-
dimensionalized by the length scale L = d and time scale T = 2piad/Γ. The
Reynolds number is deﬁned byRe = L
2
Tν . The ﬂow equations are solved by a well-
established ﬁnite-element code using GLL quadrature and Lagrange polynomials.
Standard domain and resolution studies were performed to ensure the reliability
of predictions, and very good agreement with the results by Kudela and Malecha
[26] is obtained. For the computational details please see [27].
x
a
y
d
−Γ
Figure 3.6: Initial conﬁguration of the eruption process. A Gaussian vortex
with core radius a and negative circulation −Γ is placed at (0, d).
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Increasing the value of Re, the streamline patterns are observed in a sequence
of time. We realize that the bifurcation diagrams obtained in the topological
section for σ = 1 contains all the bifurcations we have observed in the eruption
ﬂow. In Fig. 3.7, we re-sketch the Fig 3.4 without streamline patterns. In this
ﬁgure, the roman numeral in each of regions are the ones to use the classify the
ﬂow topology. Note that the regions II and II ′ are really one region as they
are connected through the part where ∆ < 0.
Re = 1000−5000, early
Re = 5000, late
II
II′
III
IV
V
I
Re = 600 (800)
Re = 200
Figure 3.7: The bifurcation diagram for the normal form (3.28) for σ > 0. A
slice with ∆ > 0 is shown. The thin lines are time traces for the
eruption ﬂow shown in Figs. 3.83.12. The dashed part represent
parts where the path goes through the region with ∆ < 0. The
trace for Re = 800 is identical to that for Re = 600 except that the
dashed part is a full line such that the path goes through region
III.
For Re = 200, a separation zone occurs at the wall between t = 3 and t = 6 and
disappears between t = 6 and t = 10.6875. (see Fig. 3.8)
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t = 3.0000 (I)
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−0.5 0.00.0
0.5
1.0
1.5
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t = 6.0000 (II’/II)
y
−1.5 −1.0
y
−1.0 −0.5 0.00.0
0.5
1.0
1.5
2.0
x
t = 10.6875 (I)
−1.5
Figure 3.8: Numerically obtained streamlines for the vortex-induced ﬂow for
Re = 200. In each panel the dimensionless time and the topolog-
ical classiﬁcation according to the bifurcation diagram in Fig. 3.7
is shown.
For Re = 600, a separation zone again occurs at the wall between t = 2.75
and t = 7.5, but rather than shrinking while attached to the wall it pinches
oﬀ, creating a saddle point in the ﬂuid. The dividing streamlines of the saddle
enclose a region with closed streamlines around a center type critical point. This
can be considered a vortex structure which is not yet erupted. However, soon
after, between t = 11.3625 and t = 11.3813, the vortex structure starts to shrink
and disappears as the saddle and the center merge in a saddle-center bifurcation
before it has left the wall. (see Fig. 3.9)
y
−1.0 −0.5 0.00.0
0.5
1.0
1.5
2.0
x
t = 2.7500 (I)
−1.5 0.0
0.5
1.0
1.5
2.0
x
t = 7.5000 (II’/II)
y
−1.5 −1.0 −0.5 0.0
t = 11.3625 (V)
−1.4
0.1
0.2
−1.5−1.6
0.0
x
y
t = 11.3813 (I)
0.1
0.2
−1.5−1.6
0.0
x
y
−1.4
Figure 3.9: As Fig. 3.8, but for Re = 600.
For Re = 800, a saddle-center bifurcation occurs inside the attached separation
zone. This creates a ﬁgure-eight structure visible at t = 10.3125. Shorty there-
after, another saddle-center bifurcation occurs where the lower center and the
saddle disappear, leaving only a single center inside the separation zone. (see
Fig. 3.10)
3.4 Application 41
1.5
1.0
0.5
0.0
2.0
−1.0 −0.5 0.0−1.5
x
y
t = 2.2500 (I)
0.5
2.0
1.0
0.5
0.0
−0.5−1.5 −1.0 0.0−2.0
x
y
t = 6.8175 (II’)
1.5
0.0
0.5
1.0
1.5
−0.5−1.0−2.0 −1.5
x
t = 10.3125 (III)
y
x
y
0.0
0.5
1.0
1.5
−0.5−1.0−2.0 −1.5
t = 10.6875 (II)
0.2
y
−1.50−1.70 −1.60
x
t = 11.8800 (V)
0.0
0.1
−1.70 −1.60 −1.50
x
t = 11.8988 (I)
0.0
0.1
0.2
y
Figure 3.10: As Fig. 3.8, but for Re = 800.
For the early stages of Re = 5000, eruption takes place following sequence of
events which we show in Fig. 3.11. Again a ﬁgure eight is created inside the
separation zone at t = 13.3225, but now the top center and the saddle pinch
oﬀ in a global bifurcation, leaving a separation zone attached to the wall and
an erupted vortex structure at t = 13.8975. The separation zone shrinks and
disappears, while the erupted vortex leaves the boundary layer as it rotates
around the main vortex.
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Figure 3.11: As Fig. 3.8, but for Re = 5000, early stages.
At later stages further topological changes may occur if Re is suﬃciently high.
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Unfolding of Non-simple Degenerate Streamline Patterns Near a No-slip
Wall
We illustrate this for Re = 5000 in Fig. 3.12. Here an attached separation
zone is again created, and a little later a vortex structure appears above it in
a saddle-center bifurcation. It does not erupt but merges with the separation
zone which subsequently disappears in a few bifurcations. For higher values of
Re these secondary topological changes may lead to eruption [26] and generate
more complex streamline patterns which are outside the scope of the present
study.
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Figure 3.12: As Fig. 3.8, but for Re = 5000, later stages.
In a conclusion, all possible streamline patterns for the eruption process from
a boundary layer have been obtained. We have shown that the bifurcation
diagram 3.4 describes the basic changes of streamline topology in the eruption
process from a boundary layer. The creation of a secondary vortex erupting
from the boundary layer is associated with the pinching oﬀ a saddle-center pair
of streamlines in a global bifurcation. The bifurcation diagram associated with
the singularity we study here is the simplest which can account for both creation
of the recirculation zone on the wall and the pinching oﬀ, as no other bifurcation
diagram with three parameters or less allows both these transitions.
Chapter 4
Topology of axisymmetric
ﬂow near a free surface
In this chapter, we investigate a steady incompressible axisymmetric ﬂow on a
free surface via topological aspect.
The analysis of inter-facial ﬂows is a vast topic in many areas (environment,
engineering etc.) and have generated many interests recently. The most preva-
lent example is the surface between two immiscible (not mixed) ﬂuids. All these
kind of surfaces are found in nature such as ocean and the air in the Earth's
atmosphere. From a physical viewpoint, a free surface may be referred as a
constant normal stress and no shear stresses. Mathematically, if the existence
of a continuum is insigniﬁcant with the zero viscosity and density above the
interface, the free surface occurs. Scientists ﬁnd ﬂows on surface interesting and
develop mathematical models to analyze them using some boundary conditions,
such as the kinematic and dynamic boundary conditions on the free surface.
It can be found many studies to investigate these kind of ﬂows in analytically,
numerically and experimentally . As an analytical study, Lugt [28, 29] consid-
ered a topological description of ﬂows in the vicinity of viscous and free surface.
His work is revisited by Brøns [17], by including non-constant curvature of the
interface and gradients of surface tension. Including the fourth-order normal
form, Deliceoglu [21] extended Brøns's study and obtained the streamline pat-
terns for two-dimensional incompressible ﬂow up to co-dimension three by using
bifurcation theory.
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The question then may arise: is there any eﬀect of angular velocity? To see
this, we need to consider three-dimensional ﬂow, which can be classiﬁed as
axisymmetric (which we consider in this chapter) or not.
The emergence of a local circulation region in a swirling ﬂow, often referred to
as vortex breakdown (VB) had been investigated by Brøns and et al. [30] in
a cylinder with rotating bottom and a free surface. Considering the Reynolds
number and the aspect ratio of cylinder as bifurcation parameters, they obtained
possible bifurcations of streamline patterns for an axisymmetric ﬂow up to co-
dimension two. Their local analysis was close to both the vortex axis (center
axis) and the interface. In here, the surface tension and the curvature of the
interface were not taken into account.
Previous studies have focused on the topology in the meridional plane, that is,
the topology of the level curves of the stream function ψ. However, there is an
interaction between ψ and the swirl velocity v through the boundary conditions
and the Navier-Stokes equation. We will consider this as well. We can say that
this chapter is indeed a combination of [30] and [17], due to considering the
surface tension and the curvature eﬀects on the interface by taking into account
the existence of swirl velocity. Additionally, the ﬂow is also considered close to
wall. Our aim is to elucidate which kind of possible streamline patterns on the
interface can occur
(a) close to the center axis,
(b) away from the center axis, and
(c) close to a stationary wall. (see Fig. 4.1)
All these analyses will be given up to co-dimension three.
We consider a three-dimensional axisymmetric incompressible ﬂow in cylindrical
coordinates (r, θ, z) with corresponding velocities (u = r˙, v = rθ˙, w = z˙). Since
the ﬂow is axisymmetric and incompressible, a stream function ψ(r, z) exist and
can be deﬁned as (see eq. (2.33))
u(r, z) = r˙ =
1
r
∂ψ
∂z
, w(r, z) = z˙ = −1
r
∂ψ
∂r
. (4.1)
Likewise the previous chapter, we can expand the stream function in a Taylor
series at the point (r00, z00) as
ψ =
∞∑
m+n=0
am,n(r − r00)m(z − z00)n, (4.2)
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Figure 4.1: The local analysis will be investigated (a) on axis, (b) away from
axis and (c) on wall. The interface is translated such that (a)
F (0) = 0, (b) F (r0) = 0 and (c) F (rw) = 0, where expansion will
be taken at origin, r0 and rw, respectively.
and the interface z = F (r) is smooth and expanded at the point r00 as
F (r) =
∞∑
i=1
ki(r − r00)i. (4.3)
In the following procedure, we will also need to investigate the swirl velocity
and pressure gradient, hence we also expand them
p =
∞∑
m+n=0
pm,n(r − r00)m(z − z00)n, (4.4)
v =
∞∑
m+n=0
bm,n(r − r00)m(z − z00)n. (4.5)
As boundary conditions, which we will use to reduce the number of coeﬃ-
cients from the given vector ﬁeld and to see the relations among the coeﬃcients
am,n,bm,n and pm,n, we have the kinematic boundary condition (2.58), tan-
gential stress boundary condition (2.59) and normal stress boundary condition
(2.60). As a next step, we consider the Navier-Stokes equations (2.40a)-(2.40d)
to see the existence of more simpliﬁcation and the relations among the coeﬃ-
cients.
Using the given boundary conditions and some non-linear transformations, the
normal form of the given velocity ﬁeld is obtained. The unfolding theory and the
process to obtain the bifurcation diagrams are exactly same as in the previous
chapter.
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4.1 Basic Equations and Boundary Conditions for
an Axisymmetric Flow
In Chapter 2, we introduce the boundary conditions for the free surface in a
cylindrical coordinate system (r, θ, z). In this chapter, since the ﬂow is axisym-
metric we will re-consider them.
Firstly, we introduce the normal vector, tangential vectors, radii of curvature,
stress tensor and expansion of interface prior to the examination of the boundary
conditions due to the fact that they are prerequisites.
For an axisymmetric ﬂow, the normal n and tangential vectors t1, t2 (2.42) at
(r, F (r)) are
n = N−1 (−Fr, 0, 1) , (4.6a)
t1 = N
−1 (1, 0, Fr) , (4.6b)
t2 = N
−1 (0, 1, 0) , (4.6c)
where N =
(
1 +
(
∂F
∂r
)2)1/2
and the radii of curvature is
1
R1
+
1
R2
= −∇.n = 1
r
[
∂
∂r
( r
N
Fr
)]
=
Fr
3 + rFrr + Fr
r
(
Fr
2 + 1
)3/2 . (4.7)
For an axisymmetric ﬂow, the stress tensor (2.57) is in the form
Υ =

−p+ 2µ (∂u∂r ) µ(r ∂(v/r)∂r ) µ (∂w∂r + ∂u∂z )
µ
(
r ∂(v/r)∂r
)
−p+ 2µ (ur ) µ (∂v∂z )
µ
(
∂w
∂r +
∂u
∂z
)
µ
(
∂v
∂z
) −p+ 2µ (∂w∂z )
 . (4.8)
The general case of the Navier-Stokes equations for a steady ﬂow of a viscous
incompressible ﬂuids was given in (2.40a)-(2.40d). Since our study based on
the axisymmetric ﬂow, all variables are independent of θ. Therefore, we rewrite
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them as
1
r
∂(ru)
∂r
+
∂w
∂z
= 0, (4.9a)
ρ
(
u
∂u
∂r
+ w
∂u
∂z
− v
2
r
)
= µ
(
∇2u− u
r2
)
− ∂p
∂r
, (4.9b)
ρ
(
u
∂v
∂r
+ w
∂v
∂z
+
uv
r
)
= µ
(
∇2v − v
r2
)
, (4.9c)
ρ
(
u
∂w
∂r
+ w
∂w
∂z
)
= µ∇2w − ∂p
∂z
, (4.9d)
where ∇2 = 1r ∂∂r
(
r ∂∂r
)
+ ∂
2
∂z2 .
For the axisymmetric ﬂow, the following boundary conditions occur on the free
surface which is given in Chapter 2:
The kinematic boundary condition : We rewrite eq. (2.58) by considering
the velocity ﬁeld (u, v, w) and normal vector (4.6a) for an axisymmetric ﬂow as
Fru = w. (4.10)
The tangential stress boundary conditions: We rewrite Eq. (2.59) by
considering the velocity ﬁeld (u, v, w), normal vector (4.6a), tangential vector
(4.6b) and stress tensor (4.8) for an axisymmetric ﬂow as
µ(1− Fr2)
(
∂w
∂r
+
∂u
∂z
)
− 2µFr
(
∂u
∂r
− ∂w
∂z
)
= 0, (4.11)
and for the tangential vector (4.6c),
Fr
∂v
∂r
− Fr v
r
− ∂v
∂z
= 0. (4.12)
The normal stress boundary conditions: We rewrite eq. (2.60) by consid-
ering the velocity ﬁeld (u, v, w), normal vector (4.6a) and stress tensor (4.8) for
an axisymmetric ﬂow as
−p(r, z)(1 + Fr2)− 2µFr
(
∂u
∂z
+
∂w
∂r
)
+ 2µ
(
Fr
2 ∂u
∂r
+
∂w
∂z
)
=
− σFr
3 + rFrr + Fr
r
(
Fr
2 + 1
)1/2 . (4.13)
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4.2 Flow Topology Close to Center Axis
In the meridional plane, we translate the coordinate system such that F (0) = 0.
Therefore, at the axis the free surface is moved to the origin (see Fig. (4.2)).
Using the Taylor expansion of a stream function, we will be able to investigate
the streamlines with given boundary conditions. Taking into account the surface
tension, kinematic and tangential stress boundary condition, our aim is to obtain
the normal form of the stream function in the vicinity of origin.
Figure 4.2: Translated meridional plane.
Since the expansion point is chosen as the origin (r00 = 0), we can write the
stream function (4.2) as
ψ(r, z) =
∞∑
m+n=0
amnr
mzn. (4.14)
The interface F (r) must be an even function due to the axisymmetry. To provide
the smoothness of (4.3), we need to say d
2n+1F
dr2n+1 = 0 where n = 0, ... With this,
the interface becomes (since r00 = 0)
F (r) =
∞∑
i=1
k2ir
2i. (4.15)
The center axis is a streamline, hence the stream function fulﬁls ψ(r, z) = 0
at r = 0, this means the coeﬃcients a0n = 0 for n = 0, 1, .... Furthermore,
due to the axisymmetric assumption, the stream function is symmetric about
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the center axis (ψ(r, z) = ψ(−r, z)). From this, we also have a2m−1,n = 0 for
m = 1, 2, .... By substituting these equalities, the stream function becomes
ψ(r, z) = r2
∞∑
m+n=0
a2m+2,nr
2mzn, (4.16)
where the velocity ﬁeld is in the form (4.1).
Applying the kinematic (4.10) and tangential stress boundary conditions (4.11)
to the stream function (4.16), the number of coeﬃcients can be reduced. These
substitutions eﬀect the meridional plane.
Applying the tangential (4.12) and normal stress boundary condition (4.13) to
the given stream function, the relations for azimuthal velocity and pressure will
be observed. Hence, we will consider the boundary conditions into two way:
(i) The boundary conditions which are eﬀecting the stream function,
(ii) The boundary conditions which are eﬀecting angular velocity and pressure.
Using the velocities in equation (4.1), the kinematic boundary condition (4.10)
can be written as
−Fr ∂ψ
∂z
=
∂ψ
∂r
. (4.17)
Inserting the interface (4.15) and (4.1) into the kinematic boundary condition
yields for the lowest-order coeﬃcients
a2,0 = 0, a4,0 = −k2a2,1, a6,0 = −k22a2,2 − k4a2,1 − k2a4,1, ... (4.18)
and from the tangential stress condition (4.11),
a2,2 = 2 k2a2,1, a4,2 = 24 k2
3a2,1 − 3 k2a2,3 + 6 k2a4,1, ... (4.19)
Note that, if the interface is ﬂat, all a2n,0 = 0. The process can be found in
the Maple worksheet [31]. It is useful to apply the transformation r = x and
z = y + F (r) which makes the interface ﬂat. Substituting these variables and
the coeﬃcients obtained from the boundary conditions into the stream function,
we have
ψ = a2,1x
2y + 2 a2,1k2x
2y2 + a2,3x
2y3 +
(
4 a2,1k2
2 + a4,1
)
x4y
+ a2,4x
2y4 +
(
24 a2,1k2
3 + 6 k2a4,1
)
x4y2
+ a2,5x
2y5 + (4 a2,4k2 + a4,3)x
4y3 + (4 a2,1k2k4 + 3 a2,3k2
2 (4.20)
+ 2
(
24 a2,1k2
3 − 3 a2,3k2 + 6 k2a4,1
)
k2 + a6,1)x
6y + a2,6x
2y6
+ (5 a2,5k2 + a4,4)x
4y4 + (384 a2,1k2
5 + 120 a2,1k2
2k4 − 30 a2,3k23
+ 104 a4,1k2
3 − 6 k6a2,1 + 8 k4a4,1 + 10 k2a6,1)x6y2 +O(|x, y|9).
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It is possible to see the relations between the coeﬃcients from the normal stress
boundary condition (4.13). Prior to doing this, we need to simplify some of the
coeﬃcients from the pressure and the velocity v. To make these, the Navier-
Stokes equations (5.6) and the tangential stress (4.12) are used.
Due to the fact that the velocity u is odd and w even, it can be obtained from the
Navier-Stokes equation (2.38) that the pressure is an even and velocity v is an
odd function of the radial variable. Hence we rewrite the pressure (4.4) and the
velocity v (4.5) by taking account of p(r, z) = p(−r, z) and v(r, z) = −v(−r, z)
at the origin as
p =
∞∑
m+n=0
p2m,nr
2mzn, (4.21)
v =
∞∑
m+n=0
b2m+1,nr
2m+1zn. (4.22)
Firstly, to determine the relations between the coeﬃcients of the velocity v, we
insert the equation (4.22) into (4.12) and obtain the following relations
b1,1 = 0, b3,1 = −2 k2b1,2 + 4 b3,0k2, ... (4.23)
As a next step, we use the azimuthal component of Navier-Stokes equation (5.6c)
and obtain
b1,3 = 4 k2b1,2, b3,0 = −−ρ a2,1b1,0 + µ b1,2
4µ
, ... (4.24)
To see all relations, please look at the Maple worksheet [31]. Using all these
substitutions, the velocity v can be written up to the ﬁfth-order terms as
v = b1,0r + b1,2rz
2 − (−ρ a2,1b1,0 + µ b1,2) r
3
4µ
+ 4 k2b1,2rz
3
+
(
−2 k2b1,2 − (−ρ a2,1b1,0 + µ b1,2) k2
µ
)
r3z +O(|r, z|5). (4.25)
Secondly, the relations between the coeﬃcients of the pressure equation (4.21)
can be obtained by using the Navier-Stokes equations (5.6b) and (5.6d). From
these equations, one can ﬁnd some relations between the coeﬃcients of pressure
and velocities. Substituting this relations into the pressure expansion (4.21) we
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obtain, (up to the fourth-order terms)
p = p0,0 + 8µa2,1k2z −
(
2 ρ a2,1
2 + 6µa2,3 + 8µa4,1
)
z2
+
(
ρ b1,0
2 − ρ a2,12
2
+ 3µa2,3 + 4µa4,1
)
r2
+
(−128µa2,1k23 − 8 ρ a2,12k2 + 16µa2,3k2 − 32µa4,1k2 − 8µa2,4) z3
+ (96µa2,1k4 + 24µa2,3k2 + 48µa4,1k2) r
2z +O(|r, z|4). (4.26)
From eq. (5.6b), we obtain the relations for ∂p∂r and from eq. (5.6d)
∂p
∂z . We
see that ∂p∂r and
∂p
∂z have some same coeﬃcients. For example, from
∂p
∂r , the
coeﬃcient p2,1 is in the form
p2,1 = 96µa2,1k4 + 24µa2,3k2 + 48µa4,1k2, (4.27)
and from ∂p∂z , p2,1 is
p2,1 = 192µa2,1k2
3 − 24µa2,3k2 + 48µa4,1k2 + 12µa2,4. (4.28)
Since (4.27) and (4.28) are same, eliminating p2,1 from them, we obtain
a2,4 = −16 a2,1k23 + 8 k4a2,1 + 4 a2,3k2. (4.29)
There exist also other coeﬃcients like p2,1. However they include the coeﬃcients
of swirl velocity, which is not useful for meridional plane. For example, p2,2 is
also common coeﬃcient of ∂p∂r and
∂p
∂z , eliminating p2,2 like p2,1, we obtain that
a4,3 = −3 ρ a2,1a2,3 + 4 ρ a2,1a4,1 + ρ b1,0b1,2 + 30µa2,5 + 48µa6,1
24µ
. (4.30)
It is very signiﬁcant to underline that the ﬂow must be steady, if not, this
relations can not be observed.
Alternatively, from the vorticity transport equation
∇× ~NS = 0 (4.31)
where ~NS is the Navier-Stokes equations (5.6b)-(5.6d), from the second com-
ponent we observe the same results (details can be found in [31])
r3z0 :− 384µa2,1k23 + 192µk4a2,1 + 96µk2a2,3 − 24µa2,4 = 0,
r3z1 :− 12 ρ a2,1a2,3 − 16 ρ a2,1a4,1 − 4 ρ b1,0b1,2 − 120µa2,5 − 96µa4,3
− 192µa6,1 = 0. (4.32)
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Inserting the pressure and the stream function into the normal stress boundary
condition (4.13) , we obtain some relations between the coeﬃcients of stream
function and pressure equation, for example, a2,1 = − 4σ k2+p0,04µ . Since the other
relations a4,1, a6,1 include too many terms, we will not write all of them here,
they can be again found from the Maple worksheet [31]. Note that a4,1 and
a6,1 include some coeﬃcients from the swirl velocity v. In the following process,
these relations seem to be not very useful. However, they give us some physical
expressions. For example, the equation
a2,1 = −4σ k2 + p0,0
4µ
(4.33)
expresses that the pressure is −4σk2 − 4µa2,1 at the origin. That means if
a2,1 = −σk2µ , the pressure is 'zero' at the origin.
The velocity v and pressure p are not very eﬀective to change the topology.
They help us to ﬁnd some physical informations and especially to obtain the
relations for a2,4. It can be said that for the steady ﬂow when a2,1 = 0 and
a2,3 = 0, then a2,4 = 0 as well. Since we will consider the topology of ﬂuids in
the meridional plane, the importance of velocity v and pressure p is low.
4.2.1 Regular Case
The origin is a critical or singular point due to the velocity u and w (4.1) by
using the stream function (5). The linearised system is written as(
x˙
y˙
)
= J
(
x
y
)
, (4.34)
where J is the Jacobian matrix
J =
(
a2,1 0
0 −2 a2,1
)
. (4.35)
The eigenvalues for this matrix are −a2,1 and 2a2,1. Firstly, we assume that
a2,1 < 0, the origin is a saddle with the stable direction on the interface, which
is the eigenvector (1, 0) and unstable direction on the center axis, which is the
other eigenvector (0, 1). For a2,1 > 0, only the stable and unstable direction
reversed. (see Fig. 4.3) If a2,1 = 0, higher order terms must be investigated in
order to determine the ﬂow topology. This condition physically indicate that
the ﬁrst coeﬃcient of pressure p0,0 equals −4σk2. That means, at the origin
the pressure depends on the surface tension and the second derivative of given
interface. Physically, it gives us the pressure is zero if the interface is ﬂat at the
origin.
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Figure 4.3: Streamlines in the vicinity of origin for the non- degenerate critical
point with a2,1 6= 0 (a) a2,1 < 0 (b) a2,1 > 0.
4.2.2 Co-dimension 1 bifurcation
Assuming a2,1 = 0, the stream function is in the following form
ψ = a2,3x
2y3 + a4,1x
4y +O(|x, y|6). (4.36)
Factoring the coeﬃcient a2,3 and substituting x = Ax˜ and y = By˜, the truncated
stream function can be written as
ψ = a4,1A
2Bx˜2y˜
(
B2
a2,3
a4,1
y˜2 +A2x˜2
)
. (4.37)
Scaling the stream function by dividing by a4,1A
2B and substituting B =∣∣∣a4,1a2,3 ∣∣∣1/2 and A = 1, we have
ψ = x˜2y˜(σy˜2 + x˜2), (4.38)
where
σ =
a2,3
a4,1
∣∣∣∣a4,1a2,3
∣∣∣∣ = { +1 for a2,3/a4,1 > 0−1 for a2,3/a4,1 < 0 ,
and we have assumed a2,3 6= 0 and a4,1 6= 0. For (4.38), we can ﬁnd the possible
dividing streamlines by solving ψ = 0. This yields
x˜ = 0 or y˜ = 0 or y˜ = ±√−σx˜. (4.39)
The latter represents separatrices when σ = −1. However the positive case is
outside the physical domain, so only the solution y˜ = −√−σx˜ is of interest.
(see Fig. 4.4).
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Figure 4.4: Streamlines in the vicinity of the origin in case of a degenerate
critical point with a2,1 = 0 for (a) σ = −1 (b) σ = 1.
The unfolding of the degenerate case (4.38) is, including terms up to order ﬁve
ψ = 1x
2y + 2 1k2x
2y2 + a2,3x
2y3 +
(
4 1k2
2 + a4,1
)
x4y, (4.40)
where 1 = a2,1 is a small parameter. To simplify this equation, we introduce
a transformation which preserves the boundary conditions (x = 0 is mapped to
ξ = 0) and the symmetry condition ((x(−ξ, η), y(−ξ, η)) = (−x(ξ, η), y(ξ, η)))
(for detailed expression please look at [32])
x = ξ +m1,1ξη, y = η + l0,2η
2. (4.41)
Choosing l0,2 = 0 and m1,1 = −k2, we have
ψ = ξ2η
(
1 + a˜2,3η
2 + a˜4,1ξ
2
)
, (4.42)
where a˜2,3 = −3 1k22 + a2,3 and a˜4,1 = 4 1k22 + a4,1. Factoring the coeﬃcient
a˜4,1 and substituting ξ = Aξ˜ and η = Bη˜, we have
ψ = a˜4,1A
2Bη˜ξ˜2
(
1 +B
2 a˜2,3
a˜4,1
η˜2 +A2ξ˜2
)
. (4.43)
Scaling the stream function by dividing by a˜4,1A
2B and choosing B =
∣∣∣ a˜2,3a˜4,1 ∣∣∣1/2
and A = 1, the stream function becomes
ψ = η˜ξ˜2
(
1 + ση˜
2 + ξ˜2
)
, (4.44)
where σ =
a˜2,3
a˜4,1
∣∣∣ a˜4,1a˜2,3 ∣∣∣. We can summarize this in
Theorem 4.1 Let a2,1 be a small parameter. Assuming the non-degeneracy
conditions a˜4,1 6= 0 and a˜2,3 6= 0 the normal form for the streamfunction (4.36)
is
ψ = x2y
(
c0,0 + x
2 + σy2 +O(|x, y|3)) , (4.45)
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where
σ =
{
+1 for a˜2,3/a˜4,1 > 0
−1 for a˜2,3/a˜4,1 < 0 ,
and c0,0 is a small transformed parameter.
The velocity ﬁeld of (4.45) is
u =
1
x
∂ψ
∂y
= x
(
x2 + 3σ y2 + c0,0
)
,
w = − 1
x
∂ψ
∂x
= −2 y (2x2 + σy2 + c0,0) , (4.46)
with the determinant of the Jacobian
J = −12x4 + 18x2y2σ − 10x2c0,0 − 18 y4 − 12 y2σc0,0 − 2 c0,02 (4.47)
On the interface, the critical points can be obtained by substituting y = 0 into
the velocity ﬁeld,
u(x, 0) = x(x2 + c0,0) and v(x, 0) = 0, (4.48)
and for the center axis, we substitute x = 0 into the velocity ﬁeld,
u(0, x) = 0 and v(0, y) = −2y(σy2 + c0,0). (4.49)
These show us that the sign of the c0,0 is a signiﬁcant parameter to change the
number of critical points. Hence, c0,0 = 0 is the bifurcation point for this case.
The critical points for away from the boundaries can be found by solving
x2 + 3σ y2 + c0,0 = 0 and 2x
2 + σy2 + c0,0 = 0. (4.50)
If we eliminate x from the given equations, we obtained that
5σy2 + c0,0 = 0, (4.51)
which has a solution when c0,0σ < 0. We observe two kinds of bifurcations
here, which are corner bubble creation and corner crossing can be seen in Fig.
4.5. These bifurcations and the streamline patterns are also obtained by Brøns
[30]. Even though the surface tension and curvature of the interface were not
considered in [30], the co-dimension one bifurcations looks like similar.
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Figure 4.5: Bifurcation diagrams for the normal form (4.45). (a) σ = 1 (b)
σ = −1.
4.2.3 Co-dimension 2 bifurcations
We have assumed that for the co-dimension one bifurcation, a4,1 and a2,3 non-
zero. Hence, the question may arise: what happens if we break one of the
assumptions?
The higher order terms determine the ﬂow topology and the co-dimension two
bifurcation occurs. In this section we consider new non-degeneracy conditions
which are
 a2,1 = 0, a2,3 = 0, a4,1 6= 0 and a2,5 6= 0,
 a2,1 = 0, a2,3 6= 0, a4,1 = 0 and −3a2,3k22 + a6,1 6= 0.
4.2.3.1 Case 1
The ﬁrst degeneracy condition is that a2,1 = 0, a2,3 = 0, a4,1 6= 0 and a2,5 6= 0.
For steady ﬂow, from (4.29) we have a2,4 = 0. By using these assumptions, the
extended and truncated stream function (4.36) including terms up to order 7,
becomes
ψ = a4,1x
4y + 6 k2a4,1x
4y2 + a2,5x
2y5 + a4,3x
4y3
+
(
12 k2
2a4,1 + a6,1
)
x6y. (4.52)
To obtain the normal form of this equation, we introduce a near-identity trans-
formation such that x = 0 and y = 0 is mapped ξ = 0 and η = 0, respectively,
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and preserves the symmetry condition by
x = ξ +m1,1ξη +m3,0ξ
3 +m1,2ξη
2,
y = η + l0,2η
2 + l0,3η
3 + l2,1ξ
2η. (4.53)
After substitutions (see details in Maple worksheet [31]), we choose m1,1 =
m1,2 = m3,0 = 0, l0,2 = −6k2, l2,1 = −a6,1+12a4,1k2
2
a4,1
and l0,3 = −a4,3−72a4,1k2
2
a4,1
the stream function becomes
ψ = a4,1ξ
4η + a2,5ξ
2η5. (4.54)
Factoring the coeﬃcient a4,1 and substituting ξ = Aξ and η = Bη into the
previous stream function
ψ = a4,1A
2Bξ2η
(
A2ξ2 +B4
a2,5
a4,1
η4
)
, (4.55)
and scaling it by dividing by a4,1A
2B, and substituting A = 1 and B =
∣∣∣a4,1a2,5 ∣∣∣1/4
we obtain
ψ = ξ2η(ξ2 + ση4), (4.56)
where
σ =
a2,5
a4,1
∣∣∣∣a4,1a2,5
∣∣∣∣ = { +1 for a2,5/a4,1 > 0−1 for a2,5/a4,1 < 0 ,
and we have assumed a2,5 6= 0. For σ = 1, the separatrices are η = 0 and ξ = 0;
for σ = −1 there exist also a parabolic separatrix ξ =
√
−ση2. (see Fig. 4.6)
Figure 4.6: Possible streamlines in the vicinity of origin for the degenerate
case (4.56). (a) σ = −1 (b) σ = 1.
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The unfolding for this case, which is truncated after the seventh-order terms, is
ψ = 1x
2y + 2 1k2x
2y2 + 2x
2y3 +
(
4 1k2
2 + a4,1
)
x4y + a2,4x
2y4
+
(
24 1k2
3 + 6 k2a4,1
)
x4y2 + a2,5x
2y5
+
(
4
(−16 1k23 + 8 1k4 + 4 2k2) k2 + a4,3)x4y3
+
(
4 1k2k4 + 3 2k2
2 + 2
(
24 1k2
3 + 6 k2a4,1 − 3 2k2
)
k2 + a6,1
)
x6y (4.57)
where 1 = a2,1, 2 = a2,3 and a2,4 = −16 1k23 + 8 1k4 + 4 2k2 from (4.29).
This unfolding can be simpliﬁed by applying the near identity transformation
(4.53) as well. Prior to applying this transformation, we will investigate this
case into three sub-cases which make the process much easier,
 k2 6= 0, k4 6= 0 or k4 = 0
 k2 = 0, k4 6= 0,
 k2 = 0, k4 = 0.
For the case of the co-dimension 2 bifurcation, we will use sub-scripts to make
clear the previous three cases from now on, unless explicitly stated. (e.g. ψ1
instead of ψ)
Case 1.1: k2 6= 0, k4 6= 0 or k4 = 0
Choosingm3,0 = −3l2,1, l0,2 = − 2k25 ,m1,1 = − 7k25 andm1,2 = 504k2
3−75k2l0,3−500k4
25k2
,
the stream function reads as
ψ1 = 1ξ
2η + γ1ξ
2η2 + ˜2ξ
2η3 + a˜4,1η ξ
4 + a˜2,5ξ
2η5
+ f(1, 2, l0,3)ξ
4η3 + g(1, 2, l2,1)η ξ
6 (4.58)
where
a˜4,1 = a4,1 +O(1), a˜2,5 = a2,5 +O(1, 2), γ = −6k2
5
f(1, 2, l0,3) = a4,3 +
1406 k2
2a4,1
25
− 11 a4,1l0,3 − 80k4a4,1
k2
+O(1, 2), (4.59)
g(1, 2, l2,1) = a6,1 + 12a4,1k2
2 − 11a4,1l2,1 +O(1, 2).
Since
g
(
0, 0,
a6,1 + 12a4,1k2
2
11a4,1
)
= 0,
∂
∂l2,1
g
(
0, 0,
a6,1 + 12a4,1k2
2
11a4,1
)
= −11a4,1 6= 0,
it follows from the implicit function theorem that there exists a function l2,1(1, 2)
with l2,1(0, 0) =
a6,1+12a4,1k2
2
11a4,1
such that g(1, 2, l2,1(1, 2)) = 0, for 1 and 2
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suﬃciently small. Similarly, one can also ﬁnd functions l0,3(1, 2) which solves
f = 0. The stream function reads as,
ξ2η
(
1 + γ1η + ˜2η
2 + a˜4,1ξ
2 + a˜2,5η
4
)
. (4.60)
Likewise the process of obtaining the normal form, we substitute ξ = Aξ˜ and
η = Bη˜ and collect the coeﬃcient a˜4,1A
2 outside the parenthesis and obtain
a˜4,1A
4Bξ˜2η˜
(
1
A2
+
Bγ1
A2
η˜ +
B2˜2
A2
η˜2 + ξ˜2 +
B4a˜2,5
A2a˜4,1
η˜4
)
. (4.61)
Choosing B = 1γ and A =
∣∣∣ a˜4,1B4a˜2,5 ∣∣∣1/2, next scaling the stream function by
dividing by a˜4,1A
4B we obtain
ξ˜2η˜
(
1 + 1η˜ + ˜2η˜
2 + ξ˜2 + ση˜4
)
, (4.62)
where σ =
a˜2,5
a˜4,1
∣∣∣ a˜4,1a˜2,5 ∣∣∣. From this process, the following theorem arises.
Theorem 4.2 Let a2,1, a2,3 be small parameters and k2 non-zero. Assuming
the non-degeneracy conditions a4,1 6= 0 and a2,5 6= 0 the normal form for the
streamfunction (4.56) is
ψ1 = x
2y
(
c0,0 + c0,0y + c0,2y
2 + x2 + σy4
)
. (4.63)
where
σ =
{
+1 for a˜2,5/a˜4,1 > 0
−1 for a˜2,5/a˜4,1 < 0 ,
c0,0 and c0,2 are small transformed parameters.
Case 1.2: k2 = 0, k4 6= 0
Due to the similar process of the Case 1.1, we will skip to write more detail in
this case and Case 1.3. For detailed expressions please look the Maple worksheet
[31]. Choosing l0,3 = −a4,3a4,1 + O(1, 2), l0,2 = m1,1 = m3,0 = m1,2 = 0 and
l2,1 = −a6,1a4,1 +O(1, 2), and following the similar process as in the Case 1.1, the
following theorem arises.
Theorem 4.3 Let a2,1, a2,3 be small parameters and k2 = 0 and k4 6= 0.
Assuming the non-degeneracy conditions a4,1 6= 0 and a2,5 6= 0 the normal form
for the streamfunction (4.56) is
ψ2 = x
2y
(
c0,0 + c0,2y
2 + x2 + c0,0y
3 + σy4
)
. (4.64)
where
σ =
{
+1 for a˜2,5/a˜4,1 > 0
−1 for a˜2,5/a˜4,1 < 0 ,
c0,0 and c0,2 are small transformed parameters.
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Case 1.3: k2 = 0, k4 = 0
Choosing l0,3 = −a4,3a4,1 + O(1, 2), l0,2 = m1,1 = m3,0 = m1,2 = 0 and l2,1 =
−a6,1a4,1 + O(1, 2), and following the similar process as in the Case 1.1, the
following theorem arises.
Theorem 4.4 Let a2,1, a2,3 be small parameters and k2 = 0 and k4 = 0.
Assuming the non-degeneracy conditions a4,1 6= 0 and a2,5 6= 0 the normal form
for the streamfunction (4.56) is
ψ3 = x
2y
(
c0,0 + c0,2y
2 + x2 + σy4
)
. (4.65)
where
σ =
{
+1 for a˜2,5/a˜4,1 > 0
−1 for a˜2,5/a˜4,1 < 0 ,
c0,0 and c0,2 are small transformed parameters.
When we make a bifurcation analysis of the given stream function into three
cases, it is observed that there is no diﬀerence among them. Hence, we will just
consider one of the stream function from them. (Let it be Case 1.1) The reason
will be explained in the following process.
From now on, using the velocity ﬁeld and determinant of Jacobian, we will
create the bifurcation diagrams.
The velocity ﬁeld for (4.63) is
u1 = x
(
c0,0 + 2 yc0,0 + 3 y
2c0,2 + x
2 + 5σ y4
)
,
w1 = −2 y
(
c0,0 + yc0,0 + y
2c0,2 + 2x
2 + σ y4
)
, (4.66)
with the determinant of the Jacobian
J1 = −50σ2y8 − 60σ y6c0,2 + 110σ x2y4 − 40σ y5c0,0 − 20σ y4c0,0
− 18 y4c0,22 + 18x2y2c0,2 − 24 y3c0,1c0,2 − 12x4 − 4x2yc0,0
− 12 y2c0,0c0,2 − 8 y2c0,02 − 10x2c0,0 − 8 yc0,0c0,1 − 2 c0,02. (4.67)
On the interface, the number of critical points can be found when we substitute
y = 0 into the velocity ﬁeld. The velocity w directly vanishes by using this
substitution. Hence the velocity u determines the number of critical points on
the interface,
u1 = x(c0,0 + x
2) = 0. (4.68)
When c0,0 < 0 there are two critical points and when c0,0 > 0 there is one
critical point on the interface. Since c0,0 is a bifurcation point for the critical
point on the interface. This is valid for all three cases. (Case 1.1, 1.2 and 1.3)
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For the critical points on the center axis, we need to substitute x = 0 into the
velocity ﬁeld. Here, the velocity w determines the number of critical points,
w1 = c0,0 + yc0,0 + y
2c0,2 + σ y
4. (4.69)
The local bifurcation curve for the critical points on the center axis can be
obtained by taking the resultant of J(0, y) and w(0, y) with respect y. This
curve is
LCOC1 : c0,0(256c0,0
2 − 27σ c0,03 + 144σ c0,02c0,2 − 128σ c0,0c0,22 = 0
− 4 c0,0c0,23 + 16 c0,24) (4.70)
For the cases 1.2 and 1.3,
LCOC2 : c0,0σ(256σc0,0
2 − 128c0,0c0,22 + 144σ c0,03c0,2 + 16σ c0,24
− 27 c0,05 − 4 c0,02c0,23) = 0 (4.71)
LCOC3 : 16 c0,0
(
4σ c0,0 − c0,22
)2
= 0 (4.72)
The bifurcation diagram and the bifurcation process for Case 1.1 and Case 1.2
are similar, however for Case 1.3 is diﬀerent, see Fig. 4.7. In this ﬁgure, we can
eliminate curve B and C, because of the fact that curve B changes the number
of critical points for just upper-side of interface and curve C does not change
anything. Therefore, we just need to curves A and D, for the on-going process.
Though the bifurcation diagrams seem diﬀerent, curve A and D have the same
property for the lower-side of interface. Hence we conclude that the bifurcation
diagrams are similar.
Figure 4.7: The local bifurcation curves for (a) LCOC1 (b) LCOC2 and (c)
LCOC3 which are drawn using Maple.
The other bifurcation curves, which are local bifurcation curve for away from
the boundaries and global bifurcation curves, have also the similar properties
for the cases 1− 3. Therefore we will just consider one case (Case 1) from now
on.
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Away from the center axis and the interface, the local bifurcation curve for the
critical points can be found from substituting x2 = −5σy4−3y2c0,2−2yc0,0−c0,0
into the velocity w,
w = −9σ y4 − 5 y2c0,2 − 3 yc0,0 − c0,0. (4.73)
Using this substitution into J1 (4.67) as well, we ﬁnd the resultant of J and w
with respect to y and obtain
LCOF1 : 20736σ
2c0,0
2 − 19683σ c0,03 + 58320σ c0,02c0,2
− 28800σ c0,0c0,22 − 4500 c0,0c0,23 + 10000 c0,24 = 0. (4.74)
Note that this result normally includes the equation 'LCOC1' as a factor, how-
ever we directly eliminate it due to the fact that we have already used it as a
local bifurcation curve. The obtained streamline patterns and the bifurcation
diagrams are also observed by Brøns [30]. That makes us to ask a question
about the boundary conditions for free surface, and the shape of the interface
are really important or not.
For σ = 1, we observed that LCOF1 has no signiﬁcance for the physical region
y < 0.
Figure 4.8: Bifurcation diagram for the normal forms (4.63)-(4.65) for σ = 1.
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Figure 4.9: Bifurcation diagram for the normal forms (4.63)-(4.65) for σ = −1.
Dashed curve is LCOF1.
4.2.3.2 Case 2
The second degeneracy condition is a2,3 6= 0 and a4,1 = 0. For steady ﬂow, from
(4.29) we have a2,4 = 4a2,3k2. For this condition, the extended and truncated
stream function (4.36) is
ψ = a2,3x
2y3 + 4a2,3k2x
2y4 + a2,5x
2y5 +
(
16 a2,3k
2
2 + a4,3
)
x4y3
+
(−3 a2,3k22 + a6,1)x6y. (4.75)
We can simplify this stream function by using the non-linear transformation
(4.53). Choosing l0,2 = l0,3 = l2,1 = 0, m1,1 = −2k2, m3,0 = − 16 a2,3k2
2+a4,3
2a2,3
and m1,2 =
12 a2,3k2
2−a2,5
2a2,3
the stream function becomes
ψ = a2,3η
3ξ2 + a˜6,1ηξ
6 (4.76)
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where a˜6,1 =
(−3 a2,3k22 + a6,1). To make more simpliﬁcation, we substitute
ξ = Aξ˜ and η = Bη˜ and factorize the equation as the following
ψ = a˜6,1A
2Bξ˜2η˜
(
A4ξ˜4 +
a2,3B
2
a˜6,1
η˜2
)
, (4.77)
and choosing A = 1 and B =
∣∣∣ a˜6,1a2,3 ∣∣∣1/2, we scale the stream function by dividing
a˜6,1A
2B and obtain
ψ = ξ˜2η˜(ξ˜4 + ση˜2), (4.78)
where
σ =
a2,3
a˜6,1
∣∣∣∣ a˜6,1a2,3
∣∣∣∣ = { +1 for a˜6,1/a2,3 > 0−1 for a˜6,1/a2,3 < 0 ,
and we have assumed a˜6,1 6= 0. For σ = 1, the separatrices are η˜ = 0 and ξ˜ = 0;
for σ = −1 there exist also a parabolic separatrix η˜ = √−σξ˜2, see Fig. 4.10.
Figure 4.10: Possible streamlines in the vicinity of origin for the degenerate
normal form (4.78). (a) σ = 1 (b) σ = −1.
The unfolding for this case is
ψ = 1x
2y + 2 1k2x
2y2 + a2,3x
2y3 +
(
4 1k2
2 + 2
)
x4y + a2,5x
2y5
+ (−16 1k23 + 4 a2,3k2 + 8 1k4)x2y4 +
(
24 1k2
3 + 6 k22
)
x4y2
+
(−64 1k24 + 16 a2,3k22 + 32 1k2k4 + a4,3)x4y3 (4.79)
+
(
4 1k2k4 + 3 a2,3k2
2 + 2
(
24 1k2
3 − 3 a2,3k2 + 6 k22
)
k2 + a6,1
)
x6y,
where 1 = a2,1, 2 = a4,1. This equation can be simpliﬁed by applying the near
identity transformation (4.53). Since this transformation includes too many
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terms please see the transformed stream function in [31]. Choosing
l0,2 = −2k2
5
, l2,1 =
a4,3 + 16a2,3k2
2
3a2,3
, l0,3 = 0,
m1,1 = −7k2
5
+O(1), m3,0 = −a4,3 + 16a2,3k2
2
a2,3
+O(1, 2),
m1,2 =
1
2a2,3
(
−a2,5 + 59 a2,3k2
2
5
)
+O(1, 2), (4.80)
we observe that m1,1, m3,0 and m1,2 eliminate the terms ξ
2η4, ξ2η5 and ξ4η3
by using implicit function theorem like in the previous case, respectively. The
idea is same, however, to clarify the process let us give an example. In the
previous section, to eliminate the coeﬃcient f(1, 2, l0,3) of ξ
4η3 term , we use
the implicit function theorem and say that a function l0,3(1, 2) exist which
solves f = 0. Similarly, we can say there exists a function m1,1(1) which solves
the coeﬃcients of ξ2η4 term. Thus, the stream function is written as
ψ = 1ξ
2η + γ1ξ
2η2 + 2ξ
4η + a˜2,3η
3 ξ2 + a˜6,1ξ
6η, (4.81)
where the  are transformed small parameters and
a˜2,3 = a2,3 +O(1), a˜6,1 = a6,1 +O(1, 2), γ = −6k2
5
. (4.82)
Finally, we substitute ξ = Aξ˜ and η = Bη˜ to make more simpliﬁcation, and
factorizing the stream function into A6Ba˜6,1ξ˜
2η˜ we have
A6Ba˜6,1ξ˜
2η˜
(
1
A4
+
Bγ1η
A4
+
2ξ˜
2
A2
+ ξ˜4 +
B2a˜2,3
A4a˜6,1
η2
)
. (4.83)
Depending on whether γ = 0 or not, we can investigate this case into two cases.
However, we will just consider the case for γ 6= 0 for the same reason as in the
previous case. To see the similarities between γ = 0 and γ 6= 0 please see [33].
Choosing B = 1γ and A =
(
B2a˜2,3
a˜6,1
)1/4
, we scale the stream function by dividing
by A6Ba˜6,1 and the following theorem arises.
Theorem 4.5 Let a2,1, a4,1 be small parameters. Assuming the non-degeneracy
conditions a2,3 6= 0 and a˜6,1 6= 0 the normal form for the stream function (4.78)
is
ψ = x2y
(
c0,0 + c0,0y + c2,0x
2 + σy2 + x4
)
, (4.84)
where
σ =
{
+1 for a˜6,1/a˜2,3 > 0
−1 for a˜6,1/a˜2,3 < 0 ,
c0,0 and c2,0 are small transformed parameters.
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The velocity ﬁeld for (4.84) is,
u = x
(
c0,0 + 2 yc0,0 + x
2c2,0 + 3σ y
2 + x4
)
,
w = −2 y (c0,0 + yc0,0 + 2x2c2,0 + σ y2 + 3x4) , (4.85)
with the determinant of the Jacobian
J = −30x8 + 96σ x4y2 − 38x6c2,0 − 18σ2y4 + 18σ x2y2c2,0 + 16x4yc0,0
− 12x4c2,02 − 24σ y3c0,0 − 16x4c0,0 − 4x2yc0,0c2,0 − 12σ y2c0,0
− 10x2c0,0c2,0 − 8 y2c0,02 − 8 yc0,02 − 2 c0,02 (4.86)
On the interface (y = 0), the velocity ﬁeld becomes
u = x(c0,0 + c2,0x
2 + x4), w = 0, (4.87)
and the solutions of u = 0 determine the number of critical points on the
interface and their type can be found from the determinant of the Jacobian
J = −30x8 − 38x6c2,0 − 12x4c2,02 − 16x4c0,0 − 10x2c0,0c2,0 − 2 c0,02. (4.88)
To ﬁnd the local bifurcation curve for the critical points on the interface, we
take the resultant of J (4.88) and u (4.87) with respect to x in an attempt to
obtain the local bifurcation curve which is
LCOI : c2,0
2 − 4 c0,0 = 0. (4.89)
Similarly, to ﬁnd the local bifurcation curve for the critical points on the center
axis we substitute x = 0 in the velocity ﬁeld
u = 0, w = −2y(c0,0 + yc0,0 + σy2), (4.90)
and the solutions of w = 0 are
y± =
−c0,0 ±
√
c20,0 − 4c0,0
2σ
≈ −c0,0 ±
√−4c0,0
2σ
, (4.91)
since c0,0 is small. For c0,0 < 0 there are two solutions (one positive and one
negative) and for c0,0 > 0, no solution exists.
For the critical points which are away from both the center axis and interface,
ﬁrstly we eliminate y from the velocity ux and − w2y and obtain
LcO :σ (64σ x8 + 80σ x6c2,0 + 25σ x
4c2,0
2 + 32σ x4c0,0 − 5x4c0,02
+ 20σ x2c0,0c2,0 − 3x2c0,02c2,0 + 4σ c0,02 − c0,03) = 0. (4.92)
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Secondly, we eliminate x from −dLcOdx and LcO, and obtain the local bifurcation
curve which is indicated by dashed curves in the ﬁgures,
LBCO : −2500σc2,06 + 1125 c0,0c2,06 + 22800σc0,0c2,04
− 15420 c0,02c2,04 + 2358σ c0,03c2,04 − 67584σc0,02c2,02
+ 58848 c0,0
3c2,0
2 − 15420σ c0,04c2,02 + 1125 c0,05c2,02 + 65536σ3c0,03
− 67584 c0,04 + 22800σ c0,05 − 2500 c0,06 = 0. (4.93)
Remember that, the bifurcation diagrams and the streamline patterns in the
previous case look like similar with the bifurcation diagrams obtained by Brøns
[30]. However, in this case new structures and bifurcation diagrams have been
observed for co-dimension two bifurcation, means only case 1 was considered in
[30].
Figure 4.11: Possible streamlines for the normal form (4.84) for σ = 1.
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Figure 4.12: Possible streamlines for the normal form (4.84) for σ = −1.
4.2.4 Co-dimension 3 bifurcations
As a further investigation, we break the non-degenerate conditions in the co-
dimension two bifurcations. Creating new non-degenerate conditions we at-
tempt to analyse the co-dimension three bifurcation in this section which can
be divided into three cases
 a2,1 = 0, a2,3 = 0, a4,1 = 0, a2,5 6= 0 a6,1 6= 0,
 a2,1 = 0, a2,3 = 0, a4,1 6= 0, a2,5 = 0 a2,6 6= 0 and
 a2,1 = 0, a2,3 6= 0, a4,1 = 0, a6,1 = 3a2,3k22 a2,6 6= 0
4.2.4.1 Case 1
If we apply the ﬁrst degeneracy condition into the extended and truncated
stream function (4.36), we have
ψ = a2,5x
2y5 + a4,3x
4y3 + a6,1x
6y. (4.94)
4.2 Flow Topology Close to Center Axis 69
We substitute x = Ax and y = By into (4.94) in an attempt to simplify,
a2,5A
2B5x2y5 + a4,3A
4B3x4y3 + a6,1A
6Bx6y. (4.95)
Choosing B = 1 and A =
∣∣∣a2,5a6,1 ∣∣∣1/4, and scaling the stream function by dividing
a6,1A
6B, we obtain the normal form as
ψ = x2y(σy4 + ωx2y2 + x4), (4.96)
where σ =
a2,5
a6,1
∣∣∣a6,1a2,5 ∣∣∣ = ±1 and ω = a4,3a6,1 ∣∣∣a6,1a2,5 ∣∣∣1/2. We signiﬁcantly emphasize
that when ω = −2 and σ = 1, the stream function becomes
ψ = x2y(x2 − y2)2, (4.97)
which is not a normal form. For ω = −2 and σ = 1, one needs to investigate the
higher order terms. Streamline patterns close to the degenerate critical point
for the normal form (4.96) are illustrated in Fig. 4.13.
Figure 4.13: Dividing streamlines for equation (4.96) in the vicinity of origin
for (a) σ = 1 (b) σ = −1.
The unfolding of the normal form (4.96) is in the form
ψ = 1x
2y + 2 1k2x
2y2 + 2x
2y3 +
(
4 1k2
2 + 3
)
x4y + a2,5x
2y5
+
(−16 1k23 + 8 1k4 + 4 2k2)x2y4 + (24 1k23 + 6 3k2)x4y2
+
(
4
(−16 1k23 + 8 1k4 + 4 2k2) k2 + a4,3)x4y3
+
(
4 1k2k4 + 3 2k2
2 + 2
(
24 1k2
3 − 3 2k2 + 6 3k2
)
k2 + a6,1
)
x6y, (4.98)
where a2,1 = 1, a2,3 = 2 and a4,1 = 3. Using the non-linear transformation
(4.53), included fourth-order terms, we simpliﬁed the stream function as (for
the process please look at the Maple worksheet [31])
η ξ21 + γ1η
2ξ2 + 2η
3ξ2 + 3η ξ
4 + ξ2η5a2,5 + a4,3η
3ξ4 + a˜6,1ξ
6η (4.99)
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where γ = − 6k25 and a˜6,1 = a6,1 +O(1, 2).
This stream function can be investigated in two situations, which are k2 = 0
and k2 6= 0. If k2 6= 0, one is able to scale the stream function by using
ξ =
∣∣∣ a2,5γ4a˜6,1 ∣∣∣1/4 x and η = 1γ y and dividing then the stream function by A6Ba˜6,1.
After these scalings, the following theorem arises:
Theorem 4.6 Let a2,1, a4,1 and a2,3 be small parameters and k2 6= 0. As-
suming the non-degeneracy conditions a2,5 6= 0 and a˜6,1 6= 0 the normal form
for the stream function (4.96) is
ψ = x2y
(
c0,0 + yc0,0 + y
2c0,2 + x
2c2,0 + x
4 + ω x2y2 + σ y4
)
, (4.100)
where
σ =
{
+1 for a˜6,1/a˜2,5 > 0
−1 for a˜6,1/a˜2,5 < 0 ,
c0,0, c2,0 and c0,2 are small transformed parameters. If k2 = 0, the stream
function can be written as,
ψ = x2y
(
c0,0 + y
2c0,2 + x
2c2,0 + x
4 + ω x2y2 + σ y4
)
. (4.101)
Like the previous section, there is no diﬀerence choosing the value of k2. Hence
we will use the stream function (4.100) from now on, please see the similarities
between k2 = 0 and k2 6= 0 in [34].
The velocity ﬁeld of (4.100) is
u = x
(
c0,0 + c0,0y + 3 y
2c0,2 + x
2c2,0 + x
4 + 3ω x2y2 + 5σ y4
)
,
w = −2 y (c0,0 + c0,0y + y2c0,2 + 2x2c2,0 + 3x4 + 2ω x2y2 + σ y4) , (4.102)
with the determinant of Jacobian matrix
|J | = −60ω2x4y4 + 10ω σ x2y6 − 50σ2y8 + 30ω x6y2 + 400σ x4y4
− 24ω x4y2c2,0 − 42ω x2y4c0,2 + 110σ x2y4c2,0 − 60σ y6c0,2 − 30x8
− 44ω x2y3c0,0 − 40σ y5c0,0 − 38x6c2,0 + 96x4y2c0,2 − 30ω x2y2c0,0
− 20σ y4c0,0 + 16x4yc0,0 − 12x4c2,02 + 18x2y2c0,2c2,0 − 18 y4c0,22
− 16x4c0,0 − 4x2yc0,0c2,0 − 24 y3c0,0c0,2 − 10x2c0,0c2,0 − 8 y2c0,02
− 12 y2c0,0c0,2 − 8 yc0,02 − 2 c0,02 (4.103)
The local bifurcation curve for the critical points on interface
The critical points on the interface can be obtained by applying y = 0 into the
velocity ﬁeld ,
u = x(x4 + c2,0x
2 + c0,0), w = 0, (4.104)
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Solving u = 0 with respect to x, we have
x1,2,3,4 = ±1/2
√
±2
√
c2,02 − 4 c0,0 − 2 c2,0, or x = 0. (4.105)
To determine the number of critical points, ∆ = −c22,0 + 4c0,0 has more signiﬁ-
cance than c0,0. Hence, instead of parameter c0,0, we will use ∆ as a parameter.
The number of critical points are illustrated in Fig. 4.14.
Figure 4.14: The number of critical points on the interface for (a) ∆ < 0 (b)
∆ = 0 (c) ∆ > 0.
The local bifurcation curve for the critical points on center axis
Substituting x = 0 into the velocity ﬁeld and the determinant of Jacobian, the
critical points and their type on the center axis can be determined by eliminating
y from them. The local bifurcation curve for this critical points is
LCOC : 256c0,0
2 − 27σ c0,03 + 144σ c0,02c0,2 − 128σ c0,0c0,22
− 4 c0,0c0,23 + 16 c0,24 = 0 (4.106)
Substituting c0,0 =
∆+c22,0
4 into (4.106), we have
τ : 16σ2∆2 − 27σ∆
3
64
+ 9σ c0,2∆
2 − 32σ c0,22∆− c0,23∆ + 16 c0,24
+
(
32σ2∆− 81σ∆
2
64
+ 18σ c0,2∆− 32σ c0,22 − c0,23
)
c2,0
2
+
(
16σ2 − 81 ∆σ
64
+ 9σ c0,2
)
c2,0
4 − 27σ
64
c2,0
6 (4.107)
The curve τ can be seen in Fig. 4.15 and 4.16.
From the ﬁgure, one can say that the bifurcation can be estimated by the sign
of c0,2. This can be proved analytically by ﬁnding the roots of (4.107) as well.
Reducing the order of c2,0 by substituting c
2
2,0 = x into (4.107), a cubic equation
is obtained. The discriminant of this cubic equation is
262144c50,2(σ + c0,2)(128σ + 3c0,2)
3
14348907
. (4.108)
72 Topology of axisymmetric ﬂow near a free surface
Figure 4.15: The local bifurcation curves for the critical points on the center
axis for σ = 1
Figure 4.16: The local bifurcation curves for the critical points on the center
axis for σ = −1
Since σ = ±1, and c0,2 is suﬃciently small, the sign of the c0,2 determines the
number of critical points. Therefore, we consider c0,2 into three case which
are c0,2 < 0, c0,2 = 0 and c0,2 > 0, to decrease the number of unknown vari-
able. In the following process, the bifurcation diagram will depend on just ω
and c2,0, hence this local curve will be a line on this diagram which is called LW .
The local bifurcation curve for the critical points away from boundaries-
LBC
To obtain the local bifurcation curve for the critical points away from bound-
aries, ﬁrstly we eliminate x from u/x and −w/2y by using resultant command
in 'Maple'. Secondly, we eliminate y from the previous result and its derivative
with respect to y. The equation for this curve includes too many terms hence
we kindly refer to the Maple worksheet [34] to see this curve.
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In this study, it is also possible to see the heteroclinic connection between the
saddle critical points. We have four kind global bifurcation curves which are:
The global bifurcation curve for the saddle critical points on-axis, on-
interface and away from the boundaries-GBC1
This curve can be obtained by eliminating x and y from
u(x, y)
x
= 0,
w(x, y)
2y
= 0, and
ψ(x, y)
x2y
= 0 (4.109)
The global bifurcation curve for the saddle critical points on the axis
and away from the axis-GBC2
Let consider (x1, y1) is a critical point in ﬂow, and (0, y2) is a critical point on
the axis. For these critical points if the following equations are valid, the global
bifurcation curve can be seen,
u(x1, y1) = 0, w(x1, y1) = 0,
u(0, y2) = 0, w(0, y2) = 0,
|J(x1, y1)| < 0, |J(0, y2)| < 0,
ψ(x1, y1) = ψ(0, y2). (4.110)
To obtain this curve, by using 'Maple'(resultant or Groebner[Basis] command)
we can eliminate x1, y1 and y2. We kindly refer to the Maple worksheet [34] to
whole process.
The global bifurcation curve for the saddle critical points on the in-
terface and away from the interface-GBC3
Let consider (x1, y1) is a critical point in ﬂow, and (x2, 0) is a critical point on
the interface. For these critical points if the following equations are valid, the
global bifurcation curve can be seen,
u(x1, y1) = 0, w(x1, y1) = 0,
u(x2, 0) = 0, w(x2, 0) = 0,
|J(x1, y1)| < 0, |J(x2, 0)| < 0,
ψ(x1, y1) = ψ(x2, 0). (4.111)
The global bifurcation curve for the saddle critical points away from
the boundaries-GBC4
Let consider (x1, y1) and (x2, y2) are critical points in ﬂow. For these critical
points if the following equations are valid, the global bifurcation curve can be
seen,
u(x1, y1) = 0, w(x1, y1) = 0,
u(x2, y2) = 0, w(x2, y2) = 0,
|J(x1, y1)| < 0, |J(x2, y2)| < 0,
ψ(x1, y1) = ψ(x2, y2). (4.112)
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Obtaining this curve in Maple is very diﬃcult. Hence we write a Matlab code
for this curve. The process can be summarized as:
 Firstly, we eliminate x from the velocity ﬁeld. It gives us a equation which
depends on y, σ, ∆, c2,0 and c0,2.
 We ﬁxed σ, c0,2 and ∆, and obtained the y solutions. We are considering
the under the interface region, hence the solutions must be in the physical
domain y < 0 and x > 0. At least three solutions must be observed for
the heteroclinic connection.
 We put the y values into the velocity ﬁeld, and obtain x values.
 We put (x, y) variables into the determinant of Jacobian to see which
critical points are saddle points.
 Finally, we put these saddle points into the stream function and set the
their diﬀerence smaller than 1E−6, or more precisely |ψ(x1, y1)−ψ(x2, y2)| <
1E − 6.
In the end of this process, we observed which values for ω and c2,0 are satisfying
these conclusions.
Normally, we have four parameters in this study. However, we are able to
construct the bifurcation diagram using two parameters which are ω and c2,0
with the following cases:
1. σ = 1;
a. ∆ > 0; (a1) c0,2 > 0 (a2) c0,2 = 0 (a3) c0,2 < 0
b. ∆ = 0; (b1) c0,2 > 0 (b2) c0,2 = 0 (b3) c0,2 < 0
c. ∆ < 0; (c1) c0,2 > 0 (c2) c0,2 = 0 (c3) c0,2 < 0
2. σ = −1;
d. ∆ > 0; (d1) c0,2 > 0 (d2) c0,2 = 0 (d3) c0,2 < 0
e. ∆ = 0; (e1) c0,2 > 0 (e2) c0,2 = 0 (e3) c0,2 < 0
f. ∆ < 0; (f1) c0,2 > 0 (f2) c0,2 = 0 (f3) c0,2 < 0
Let begin by considering the case 2d, ∆ > 0 and σ = −1. One can observe
that there is no critical point on the interface from Fig. 4.14, and one critical
point exist on the center axis from Fig.4.16. No local bifurcation exists for the
critical points away from the boundaries for this case and the sign of c0,2 has
no signiﬁcance. By using Maple, we sketch the streamline patterns numerically
to be sure the process is correct or not. As an example, the streamline pattern
4.2 Flow Topology Close to Center Axis 75
4.17 is a numerical result from Maple by using 'contourplot' command. This
streamline pattern is same as the case e1 for c2,0 > 0 which we show in Fig.
4.24. Choosing a speciﬁc values of the parameters, which holds the conditions
in the cases the bifurcation diagrams and the streamline patterns are obtained.
For Fig. 4.17, we choose ∆ = 0.01 with any choices for c0,2, that is, whatever
you choose for c0,2 the streamline pattern 4.17 will be obtained. To see whole
process please look in Maple worksheet [34].
Figure 4.17: The streamline pattern for the normal form (4.100) when σ = −1
and ∆ > 0 (d1, d2, d3).
Figure 4.18: The bifurcation diagrams for the normal form (4.100) when σ =
1, (a)∆ > 0 and c0,2 ≥ 0 (a1, a2) and (b) ∆ = 0 and c0,2 ≥ 0
(b1, b2).
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Figure 4.19: σ = 1, ∆ > 0 and c0,2 < 0 (a3).
Figure 4.20: σ = 1, ∆ = 0 and c0,2 < 0 (b3).
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Figure 4.21: σ = 1, ∆ < 0 and c0,2 ≥ 0 (c1,c2). Numerical result is just to
show how a contorplot actually looks like.
Figure 4.22: σ = 1, ∆ < 0 and c0,2 < 0 (c3).
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Figure 4.23: σ = −1, ∆ = 0 and c0,2 > 0 (e1) .
Figure 4.24: σ = −1, ∆ = 0 and c0,2 = 0 (e2) .
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Figure 4.25: σ = −1, ∆ = 0 and c0,2 < 0 (e3) .
Figure 4.26: σ = −1 and ∆ < 0 (f1, f2, f3) .
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4.2.4.2 Case 2
Using the second degeneracy condition, the stream function (4.36) becomes
ψ = a4,1x
4y + 6 k2a4,1x
4y2 + a4,3x
4y3 +
(
12 k2
2a4,1 + a6,1
)
x6y + a2,6x
2y6
+ a4,4x
4y4 +
(
104 a4,1k2
3 + 8 k4a4,1 + 10 k2a6,1
)
x6y2. (4.113)
This can be simpliﬁed as (to see detailed simpliﬁcation we kindly refer to Maple
worksheet "Near Axis NormalFormandUnfoldings.mw" in [31])
a2,6η
6ξ2 + η ξ4a4,1. (4.114)
Using our assumption a4,1 6= 0, it is convenient to write (4.114) as
a4,1ξ
2η
(
a2,6
a4,1
η5 + ξ2
)
. (4.115)
More simpliﬁcation is available for this equation by substituting ξ = Ax and
η = By. Choosing A = 1 and B =
(
a4,1
a2,6
)1/5
, and scaling the stream function
by dividing a4,1A
4B, we have
x2y(y5 + x2). (4.116)
This degenerate case is shown in Fig. 4.27.
Figure 4.27: The degenerate case for the normal form (4.116).
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The unfolding of degenerate case (4.116) is
ψ = 1x
2y + 2 1k2x
2y2 + 2x
2y3 +
(
4 1k2
2 + a4,1
)
x4y + (5 3k2 + a4,4)x
4y4
+
(−16 1k23 + 8 1k4 + 4 2k2)x2y4 + (24 1k23 + 6 k2a4,1)x4y2 + 3x2y5
+
(
4
(−16 1k23 + 8 1k4 + 4 2k2) k2 + a4,3)x4y3 + a2,6x2y6
+
(
4 1k2k4 + 3 2k2
2 + 2
(
24 1k2
3 + 6 k2a4,1 − 3 2k2
)
k2 + a6,1
)
x6y
+ (384 1k2
5 + 104 a4,1k2
3 + 120 1k2
2k4 − 30 2k23 + 8 k4a4,1
+ 10 k2a6,1 − 6 1k6)x6y2 (4.117)
To obtain the normal form of the unfolding, it is convenient to use the non-linear
transformation (4.53) with the fourth ordered terms. The simpliﬁed stream
function can be written as
ψ = 1ξ
2η + γ 1ξ
2η2 + 2ξ
2η3 + a˜4,1ξ
4η + 3ξ
2η5 + a˜2,6ξ
2η6. (4.118)
where γ = − 6k25 , a˜4,1 = a4,1 + O(1) and a˜2,6 = a2,6 + O(1, 2, 3). This case
also can be considered into two cases which are k2 = 0 or not. Like the previous
section, there is no diﬀerence between them, however analysis of k2 6= 0 is more
diﬃcult than k2 = 0. Hence, we choose k2 = 0 instead of k2 6= 0, in here. Please
see the similarities between these two cases in [35]. As a next step, substituting
ξ = Ax and η =
(
a˜2,6
a˜4,1
)1/5
y into (4.118), and scaling the stream function by
dividing a˜4,1A
4B, the next theorem arises.
Theorem 4.7 Let a2,1, a2,5 and a2,3 be small parameters and k2 = 0. As-
suming the non-degeneracy conditions a2,6 6= 0 and a4,1 6= 0 the normal form
for the stream function (4.96) is
ψ = x2y
(
y5 + y4c0,4 + y
2c0,2 + x
2 + c0,0
)
(4.119)
where c0,0, c0,2 and c0,4 are small transformed parameters.
The velocity ﬁeld for the stream function (4.119) is
u = x
(
6y5 + 5 y4c0,4 + 3 y
2c0,2 + x
2 + c0,0
)
,
w = −2 y (y5 + y4c0,4 + y2c0,2 + 2x2 + c0,0) , (4.120)
with the determinant of Jacobian matrix
|J | = −120y9c0,4 − 72 y10 − 50 y8c0,42 − 72y7c0,2 + 180x2y5 − 60 y6c0,2c0,4
− 24y5c0,0 + 110x2y4c0,4 − 20 y4c0,0c0,4 − 18 y4c0,22 + 18x2y2c0,2 − 12x4
− 12 y2c0,0c0,2 − 10x2c0,0 − 2 c0,02. (4.121)
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On the interface, the critical points can be obtained by solving
u = x(x2 + c0,0). (4.122)
This equation yields that there exist the critical point when c0,0 < 0 and when
c0,0 > 0 they do not exist. That makes c0,0 = 0 a bifurcation point.
To ﬁnd the critical points on the center axis, we substitute x = 0 into the
velocity ﬁeld and obtain
u = 0, w = −2y(y5 + c0,4y4 + c0,2y2 + c0,0). (4.123)
The local bifurcation curve for the critical points on the center axis can be found
by eliminating y from J(0, y) and w(0, y) which is
LCOC : 256c0,0
2c0,4
5 − 128c0,0c0,22c0,44 + 16c0,24c0,43
+ 2000c0,0
2c0,2c0,4
2 − 900c0,0c0,23c0,4 + 108c0,25 + 3125c0,03 = 0,
(4.124)
and the local bifurcation curve for the critical points away from the boundaries
can be found by ﬁrstly substituting x2 = −6y5 − 5y4c0,4 − 3y2c0,2 − c0,0 into w
and J , and secondly eliminating y from these equations, which is
LCAX : 15116544 c0,0
2c0,4
5 − 20995200 c0,0c0,22c0,44 + 7290000 c0,24c0,43
+ 98010000 c0,0
2c0,2c0,4
2 − 122512500 c0,0c0,23c0,4 + 40837500 c0,25
+ 45753125 c0,0
3 = 0. (4.125)
These bifurcation curves are cubic for c0,0. Hence, we can obtain which values
of c0,0 solve LCOC and LCAX by ﬁnding the sign of discriminant of (4.124)
and (4.125).
The discriminant of LCOC with respect to c0,0 is
∆1 = −16c0,25(4c0,43 + 25c0,2)2(128c0,43 + 675c0,2)3, (4.126)
and the discriminant of LCAX is
∆2 = −c0,25
(
2916 c0,4
3 + 15125 c0,2
)2 (
3456 c0,4
3 + 15125 c0,2
)3
. (4.127)
These discriminants yield that the number of c0,0, which solve LCOC, depends
on c0,2 and 128c0,4
3 + 675c0,2 and the number of c0,0, which solve LCAX,
depends on c0,2 and 3456 c0,4
3 + 15125 c0,2.
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We will follow a diﬀerent strategy for this case because all variables are impor-
tant and can not be assumed a ﬁxed value. If we follow the process as in the
previous cases, it is very hard to see all occurring bifurcations.
In this case, we do not reduce the dimension of parameter space. Instead of it,
ﬁrstly, we sketch the curves 128c0,4
3 + 675c0,2 = 0 (red curve) and 3456 c0,4
3 +
15125 c0,2 = 0 (blue curve) in Fig. 4.28, that gives the number of c0,0 which
solves the local bifurcation curves.
Figure 4.28: This diagram expresses the number of c0,0 values which solves
LCOC and LCAX.
Let us say c∗0,0[i] are solutions of LCAX and c0,0[i] solutions of LCOC where
i = 1, 2, 3 due to the fact that the maximum number of solution of given curves
is three.
In Region I and IV , there exist just one c0,0 which solves LCOC and LCAX,
which are c0,0 = c0,0[1] and c0,0 = c
∗
0,0[1], respectively. In these regions
On blue curves B1 and B2, the solutions for LCAX becomes three, such that
two of them are same. They are c0,0 = c
∗
0,0[1] =
1306368c50,4
45753125 and c0,0 = c
∗
0,0[2, 3] =
2985984c50,4
45753125 . Depending on the sign of c0,4, the sign of solutions c
∗
0,0[i] may vary
on the blue curves. For LCOC, there is still one solution.
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In Region II and V , there are three diﬀerent solutions for LCAX and there is
one solution for LCOC.
On red curves R1 and R2 , the solutions for LCOC becomes three, such that
two of them are same. They are c0,0[1] =
1792c50,4
253125 and c0,0[2, 3] =
4096c50,4
253125 .
Depending on the sign of c0,4, the sign of solutions c0,0[i] may vary on the red
curves. For LCAX, three diﬀerent solutions exist.
In Region III and V I, both curves have three diﬀerent solutions.
Finally, on the line c0,2 = 0, the solutions for LCOC are c0,0 = c0,0[1] =
−256c50,4
3125 and c0,0 = c0,0[2, 3] = 0, the solutions for LCAX are c0,0 = c
∗
0,0[1] =
−15116544c50,4
45753125 and c0,0 = c
∗
0,0[2, 3] = 0.
Figure 4.29: This ﬁgure shows us the bifurcations of the streamlines in dif-
ferent regions of Fig. 4.28. c0,0 increases as one moves to the
right.
In Region I and II in Fig. 4.28, a corner crossing bifurcation has been observed.
We show this process as A in Fig. 4.29.
In Region III, we observed four diﬀerent bifurcations such that one of them is
occurring on the local bifurcation curve for away from the axis and the others
on the local bifurcation curve for on the axis. This process is shown as B in
Fig. 4.29.
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And the ﬁnal process which is shown as C in 4.29, is occuring in the regions
IV, V and V I. The detailed observations and analysis can be found in Maple
worksheet [35].
No global bifurcation has been observed for this case.
4.2.4.3 Case 3
Using the third degeneracy condition, the normal form of the stream function
(4.36) is (details can be found in "Near Axis NormalFormandUnfoldings.mw"
in [31])
a2,3η
3ξ2 + a˜8,1ξ
8η, (4.128)
where a˜8,1 = −32 k24a2,3 − 6 k2k4a2,3 − 3 k22a4,3 + a8,1. Using our assumption
a2,3 6= 0, it is convenient to write it as
a2,3ξ
2η
(
a˜8,1
a2,3
ξ6 + η2
)
. (4.129)
More simpliﬁcation is available for this equation by substituting ξ = Ax and
η = By. Choosing B = 1 and A =
(
a2,3
a˜8,1
)1/6
, and scaling the stream function
by dividing a2,3A
4B4, we have
x2y(σx6 + y2). (4.130)
where σ =
a2,3
a˜8,1
∣∣∣ a˜8,1a2,3 ∣∣∣ = ±1. This degenerate case can be ﬁgured as in Fig. 4.30.
Figure 4.30: The degenerate case for (a)σ = 1, (b)σ = −1.
The unfolding of the degenerate case includes too many terms, therefore we
kindly refer to [31] to see the unfolding and its elimination process. At the end
of the process, the next theorem arise:
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Theorem 4.8 Let a2,1, a4,1 and a6,1 be small parameters and k2 6= 0. As-
suming the non-degeneracy conditions a2,3 6= 0 and a8,1 6= 0 the normal form
for the stream function (4.96) is
ψ = x2y
(
σ x6 + c4,0x
4 + c2,0x
2y + c2,0x
2 + y2 + 2 c0,0y + c0,0
)
(4.131)
where
σ =
{
+1 for a˜8,1/a˜2,3 > 0
−1 for a˜8,1/a˜2,3 < 0 ,
c0,0, c2,0 and c4,0 are small transformed parameters. If k2 = 0,
ψ = x2y
(
σ x6 + c4,0x
4 + c2,0x
2 + y2 + c0,0
)
. (4.132)
In the following analysis, we observe that the local bifurcation curves for the
critical points on-center axis and interface are closely similar for cases k2 6= 0
and k2 = 0. However, the local bifurcation curve for the critical points away
from boundaries is completely diﬀerent. Making bifurcation analysis for k2 6= 0
is more diﬃcult, since reducing the parameter space is not possible as in the
previous cases. However, for case k2 = 0 is possible. Therefore, in this section
we decide to continue with the stream function (4.132). Please see the analyses
for cases k2 = 0 and k2 6= 0 in [36].
The velocity ﬁeld for the stream function (4.132) is
u = x
(
σ x6 + x4c4,0 + x
2c2,0 + 3 y
2 + c0,0
)
,
w = −2 y (4σ x6 + 3x4c4,0 + 2x2c2,0 + y2 + c0,0) , (4.133)
with the determinant of Jacobian matrix
|J | = −56x12 − 82σ x10c4,0 − 52σ x8c2,0 − 30x8c4,02 + 222σ x6y2
− 22σ x6c0,0 − 38x6c2,0c4,0 + 96x4y2c4,0 − 16x4c0,0c4,0 − 12x4c2,02
+ 18x2y2c2,0 − 10x2c0,0c2,0 − 18 y4 − 12 y2c0,0 − 2 c0,02. (4.134)
To ﬁnd the critical points on the center axis, we substitute x = 0 into the
velocity ﬁeld and obtain
u = 0, w = −2 y (y2 + c0,0) . (4.135)
Depending on the sign of c0,0, the number of critical points on the axis varies.
Hence c0,0 = 0 is a bifurcation point for the center axis.
The number of critical points away from the boundaries depends on the following
equation obtained from the resultant of the velocities u, w and the determinant
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of Jacobian |J |,
LCAX : −1149984σc0,02 + 1393920c0,0c2,0c4,0 − 484000c2,03
− 360448σ c0,0c4,03 + 140800σ c2,02c4,02 = 0. (4.136)
This equation is quadratic for c0,0 and its discriminant is
Disc = −495616(165σc2,0 − 64c24,0)3. (4.137)
We introduce ∆ = 165σc2,0 − 64c24,0 to use instead of c2,0 as a parameter since
∆ has much more signiﬁcance than c2,0. From now on, the parameter space will
be (∆, c0,0, c4,0).
On the interface, the critical points can be obtained by solving
u = x(σx6 + c4,0x
4 + c2,0x
2 + c0,0) = 0. (4.138)
The local bifurcation curve for the critical points on the interface can be found
by eliminating x from (4.134) and u,
LCOA : 27c0,0
2 − 18σ c0,0c2,0c4,0 + 4σ c2,03 + 4 c0,0c4,03
− c2,02c4,02 = 0. (4.139)
Substituting c2,0 =
64c24,0−∆
165σ into LCOA, we can write it in (∆, c0,0, c4,0) space.
Depending on the sign of ∆, we will give the bifurcation diagrams. In the
diagrams the red curves are LCOA and the blue curves are LCAX.
Sketching the bifurcation curves, we decide which part of given curves are of our
interest. We observe that some bifurcations occur in the upper-side of physical
plane, therefore we eliminate them. Between the bifurcation curves, regions are
created. As a further step, region by region, (region means the area between
the curves, such as region II in the Fig. 4.32), we investigate the streamlines
and the stream function. Firstly, we ﬁnd the number of critical points and then
decide the topology of them by considering determinant of Jacobian. To make
sure, the given stream function is sketched by using 'contourplot' command in
Maple. In a conclusion, we have obtained the following bifurcation diagrams.
Figure 4.31: The bifurcation diagram and the possible streamline patterns for
the normal form (4.131) when ∆ ≤ 0 and (a) σ = 1 (b) σ = −1.
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In Fig. 4.32 and 4.33, R2 − R3 implies the region between R2 and R3. There
exist no global bifurcation for this case.
Figure 4.32: The bifurcation diagram and the possible streamline patterns for
the normal form (4.131) when ∆ > 0 and σ = 1.
Figure 4.33: The bifurcation diagram and the possible streamline patterns for
the normal form (4.131) when ∆ > 0 and σ = −1.
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4.3 Flow Topology Away From The Axis
In the meridional plane (r, z), we translate the coordinate system such that
F (r0) = 0, see Fig. 4.34.
Figure 4.34: Translated meridional plane.
Away from the axis, the stream function (4.2) and the smooth interface (4.3)
are expanded at r0. Since we observe the ﬂuid motion on the interface, physics
allow us to introduce s = r − r0 and η = z − F (s), hence the stream function
and smooth interface can be written in the following form
ψ(s, η) =
∞∑
m+n=0
am,ns
mηn, (4.140)
F (s) =
∞∑
m=1
kms
m. (4.141)
Applying the kinematic boundary condition (4.10), we obtain the following re-
lations
ai,0 = 0 i = 1, 2, 3, 4, ... (4.142)
and from tangential stress boundary condition (4.11),
a0,2 = a0,2(a0,1, a1,1, r0, k1, k2), (4.143)
a1,2 = a0,2(a0,1, a1,1, a2,1, r0, k1, k2, k3), (4.144)
a2,2 = a0,2(a0,1, a1,1, a2,1, a3,1, r0, k1, k2, k3, k4), (4.145)
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the relations ai,2 have been obtained. Since they includes too many terms, we
kindly refer to Maple worksheet [35] to see the details. With these relations and
back substitution s = x and z = y + F (s), the stream function is written
ψ(x, y) = a0,0 + a0,1y + a0,2y
2 + a1,1xy + a0,3y
3 + a1,2xy
2 + a2,1x
2y
+ a0,4y
4 + a1,3xy
3 + a2,2x
2y2 + a3,1x
3y +O(|x, y|5), (4.146)
where a0,2, a1,2 and a2,2 are obtained from tangential stress boundary condi-
tions. The truncated velocity ﬁeld can be written as
u =
1
x+ r0
∂ψ
∂y
=
a0,1
r0
+
(
a1,1
r0
− a0,1
r02
)
x+
2a0,2
r0
y +
(
a2,1
r0
− a1,1
r02
+
a0,1
r03
)
x2
+
(
2a1,2
r0
− 2a0,2
r02
)
yx+
3a0,3
r0
y2 +
(
a3,1
r0
− a2,1
r02
− a0,1
r04
+
a1,1
r03
)
x3
+
(
2a2,2
r0
− 2a1,2
r02
+
2a0,2
r03
)
yx2 +
(
3a1,3
r0
− 3a0,3
r02
)
y2x+
4a0,4
r0
y3, (4.147)
w = − 1
x+ r0
∂ψ
∂x
= −a1,1
r0
y +
(
−2a2,1
r0
+
a1,1
r02
)
yx− a1,2
r0
y2
+
(
−3a3,1
r0
+
2a2,1
r02
− a1,1
r03
)
yx2 +
(
−2a2,2
r0
+
a1,2
r02
)
y2x− a1,3
r0
y3. (4.148)
Like the previous section, we expand the pressure equation (4.4) and azimuthal
velocity (4.5) at r0. Applying the tangential stress boundary condition (4.12)
and using Navier-Stokes equations, we reduce the number of coeﬃcients from
the azimuthal velocity and pressure. As a next step, the normal stress boundary
condition (4.13) is investigated and we obtain the pressure at the origin for (s, z)
coordinate system as
p0,0 = −2µ
√
Υ(2k1a0,1k2 + a1,1Υ) + σ(k1
3 + 2 k2r0 + k1)
(Υ)
3/2
r0
, (4.149)
where Υ = k1
2 +1. The normal stress boundary condition gives us just physical
expressions. We observe that the normal stress and tangential stress (4.12) have
no eﬀect on the meridional plane. Hence, we skip to give details about them
from now on and again we kindly refer to Maple worksheet [35] to see all details
about them.
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4.3.1 Regular Case
The linearised system matrix of (4.147) is(
u
w
)
=
(a0,1
r0
0
)
+
(
a1,1
r0
− a0,1r02
2a0,2
r0
0 −a1,1r0
)(
x
y
)
. (4.150)
If a0,1 = 0, the origin (for xy-coordinate system) is a critical point. In this
system, the Jacobian matrix is given by
J =
(
a1,1
r0
2a0,2
r0
0 −a1,1r0
)
, (4.151)
where a0,2 = 2r0a1,1k1(k1
2 + 1) (from tangential stress condition). The eigen-
values for this matrix are a˜1,1 =
a1,1
r0
and −a˜1,1. For a˜1,1 < 0, the origin is a
saddle and the eigenvector (1, 0) is the stable direction and the another eigen-
vector (a0,2,−a1,1) is the unstable direction. For a˜1,1 > 0 just the ﬂow reversed.
(Non-degenerate point, a˜1,1 6= 0).
Figure 4.35: Dividing streamline on the free surface for non-degenerate critical
point with a˜1,1 6= 0.
If a0,1 = a1,1 = 0, we need to examine the higher order terms in order to
determine the ﬂow topology. The origin now is a degenerate critical point. From
the tangential stress boundary condition, we have a0,2 = 0 and a1,2 =
2a2,1k1
k12+1
since a0,1 = a1,1 = 0. Substituting these coeﬃcients into the stream function,
we have
ψ(x, y) = a0,3y
3 +
2a2,1k1
k1
2 + 1
xy2 + a2,1x
2y +O(|x, y|4). (4.152)
To eliminate the term xy2, we introduce a linear transformation
x = ξ +Aη, y = η. (4.153)
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where A = − k1
k12+1
. With this transformation, the stream function becomes
ψ(ξ, η) = a2,1ξ
2η + a˜0,3η
3 +O(|ξ, η|4), (4.154)
where a˜0,3 = − k1
2a2,1
(k12+1)
2 + a0,3. If
a˜0,3
a2,1
> 0, no separatrix has been observed
except the interface. If
a˜0,3
a2,1
< 0, there exist two separatrices. The dividing
streamlines are in the following directions
η = ±
√
a˜0,3
a2,1
ξ and η = 0. (4.155)
Figure 4.36: Dividing streamline on the free surface for degenerate critical
point with
a˜0,3
a2,1
< 0 (left pattern) and
a˜0,3
a2,1
> 0 (right pattern).
These degenerate points and their unfoldings are also investigated by [17] and
[37], although in these studies two-dimensional (non-axisymmetric) ﬂow is con-
sidered.
In the following, we extend the degenerate conditions using the following as-
sumptions.
Case (i) a0,1 = 0, a1,1 = 0, a2,1 = 0, a˜0,3 6= 0, a3,1 6= 0,
Case (ii) a0,1 = 0, a1,1 = 0, a2,1 6= 0, a˜0,3 = 0 and
Case (iii) a0,1 = 0, a1,1 = 0, a2,1 = 0, a˜0,3 = 0.
4.3.2 Case 1
Applying the ﬁrst assumption into (4.152) and extending the stream function
up to the ﬁfth order we have
ψ(x, y) = a0,3y
3 + a0,4y
4 + a1,3xy
3 + a2,2x
2y2 + a3,1x
3y +O(|x, y|5), (4.156)
where a2,2 =
3a3,1k1
k12+1
. We can simplify the stream function using the near-
identity transformation which preserves the boundary condition such that y = 0
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is mapped to η = 0,
x = ξ˜ +m0,1η +m2,0ξ˜
2 +m1,1ξ˜η +m0,2η
2, y = η + l1,1ξ˜η + l0,2η
2. (4.157)
Choosing
m0,1 = − k1
k1
2 + 1
, m2,0 = m1,1 = m0,2 = 0,
l1,1 = − a1,3
3a0,3
+
a3,1k1
2
(k1
2 + 1)2a0,3
,
l0,2 = − a0,4
3a0,3
+
a1,3k1
(k1
2 + 1)a0,3
− 2a3,1k1
3
3(k1
2 + 1)3a0,3
, (4.158)
the stream function becomes
ψ(ξ˜, η) = a0,3η
3 + a3,1ηξ˜
3 +O(|ξ˜, η|5). (4.159)
This equation can be simpliﬁed as well, by using the transformation ξ˜ = Aξ,
yields
a0,3
(
η3 +A3
a3,1
a0,3
ξ3η +O(|ξ, η|5
)
. (4.160)
Scaling this equation by dividing a0,3 and substituting A =
(
a0,3
a3,1
)1/3
, we obtain
η(ξ3 + η2) +O(|ξ, η|5). (4.161)
The dividing streamlines are in the following directions
η = ±
√
−ξ3 and η = 0. (4.162)
which is seen in Fig. 4.37.
A small perturbation make some diﬀerences in ﬂow structure. Hence assuming
a0,1 = 1, a1,1 = 2 and a2,1 = 3, the unfolding of the degenerate case (4.161)
can be written as (truncated after fourth ordered terms)
ψ = 1y + a0,2y
2 + 2xy + a0,3y
3 + a1,2xy
2 + 3x
2y + a0,4y
4 + a3,1x
3y
+ a2,2x
2y2 + a1,3xy
3. (4.163)
This equation can be simpliﬁed by using the same transformation like the de-
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Figure 4.37: The dividing streamline for the degenerate case (4.161)
generate case, including the quadratic terms. Choosing the relations as
m0,1 = − k1
k1
2 + 1
+O(1, 2, 3), m2,0 = m1,1 = m0,2 = 0,
l1,1 = − a1,3
3a0,3
+
a3,1k1
2
(k1
2 + 1)2a0,3
+ +O(1, 2, 3),
l0,2 = − a0,4
3a0,3
+
a1,3k1
(k1
2 + 1)a0,3
− 2a3,1k1
3
3(k1
2 + 1)3a0,3
+O(1, 2, 3),
l1,2 =
(
2 r0 k1
2k2 − k13 − 2 r0 k2 − k1
)
a1,3
3a0,3r0
(
k1
2 + 1
)2
− a3,1k1
2
(
2 r0 k1
2k2 − k13 − 2 r0 k2 − k1
)
a0,3r0
(
k1
2 + 1
)4
− 6 r0
2k1
4k3 − 8 r0 2k13k22 + 2 r0 k14k2 + 24 r0 2k1k22 + k15
2r0 2
(
k1
2 + 1
)3
− 6 r0
2k3 − 2 k13 + 2 r0 k2 − k1
2r0 2
(
k1
2 + 1
)3 ,
m1,2 =
1
3a0,3
(
a0,4 − a3,1k1
3
(k1
2 + 1)3
)
+
2 r0 k1
2k2 + k1
3 − 2 r0 k2 + k1
2r0
(
k1
2 + 1
)2 , (4.164)
we obtain
ψ = 1η + ˜2ηξ˜ + γ˜1η
2 + a˜0,3η
3 + ˜3ξ˜
2η + a˜3,1ξ˜
3η + f(m0,1, 1, 2, 3)ξ˜
2η2
+ g(l1,1, 1, 2, 3)ξ˜η
3 + h(l0,2, 1, 2, 3)η
4 (4.165)
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where
f(m0,1, 1, 2, 3) = 3
(
m0,1k1
2 + k1 +m0,1
)
a3,1
k1
2 + 1
+O(1, 2, 3),
g(l1,1, 1, 2, 3) = 3 a0,3l1,1 + a1,3 − 3 a3,1k1
2(
k1
2 + 1
)2 +O(1, 2, 3),
h(l0,2, 1, 2, 3) = 3a0,3l0,2 + a0,4 + 2
a3,1k1
3(
k1
2 + 1
)3 − a1,3k1k12 + 1 +O(1, 2, 3),
a˜0,3 = a0,3 +O(1, 2, 3), a˜3,1 = a3,1 +O(1, 2, 3),
˜i = i +O(1, 2, 3),
γ = l0,2 +
k2(k1
2 − 1)
(k1
2 + 1)2
− k1
(k1
2 + 1)r0
. (4.166)
Since
f(− k1
k1
2 + 1
, 0, 0, 0) = 0,
∂
∂m0,1
f(− k1
k1
2 + 1
, 0, 0, 0) = 3a3,1 6= 0, (4.167)
it follows from IFT. that there exists a function m0,1(1, 2, 3) with m0,1(0) =
− k1
k12+1
such that f(m0,1(1, 2, 3), 1, 2, 3) = 0, for 1, 2 and 3 suﬃciently
small. Similarly, one can also ﬁnd functions l1,1(1, 2, 3) and l0,2(1, 2, 3)
which solve g = 0 and h = 0, respectively. More simpliﬁcation is possible by
replacing ξ = ξ− ˜333a3,1 which eliminates the term ξ2η. With this transformation
the stream function (4.165) becomes
ψ = ˜1η + ˜2ηξ˜ + γ˜1η
2 + a˜0,3η
3 + a˜3,1ξ˜
3η. (4.168)
Finally, we substitute ξ˜ = Aξ and η = Bη˜ to make more simpliﬁcation. The
stream function now can reads
a˜0,3B
3
(
a˜3,1A
3ξ3η˜
a˜0,3B2
+ η˜3 +
γ ˜1η˜
2
a˜0,3B
+
˜2η˜Aξ
a˜0,3B2
+
˜1η˜
a˜0,3B2
)
. (4.169)
If γ 6= 0, we scale the stream function by dividing a˜0,3B3 and choosing B = 1γ
and A =
a˜0,3
γ2a˜3,1
and for γ = 0 choosing B = 1 and A =
a˜0,3
a˜3,1
, the next theorem
arises by labelling the coordinates as (x, y).
Theorem 4.9 Let a0,1, a1,1 and a2,1 be small parameters and γ 6= 0. Assum-
ing the non-degeneracy conditions a˜0,3 6= 0 and a3,1 6= 0 the normal form for
the stream function (4.146) is
ψ = y(c0,0 + c0,0y + c1,0x+ y
2 + x3), (4.170)
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where c0,0 and c1,0 are small transformed parameters. If γ = 0, the stream
function is written in the following form
ψ = y(c0,0 + c1,0x+ y
2 + x3). (4.171)
The velocity ﬁeld for the stream function (4.170) is (multiplied by (x+ r0))
u = x3 + xc1,0 + 3 y
2 + 2 c0,0y + c0,0,
w = −y(3x2 + c1,0). (4.172)
and for the stream function (4.171) is
u = x3 + xc1,0 + 3 y
2 + c0,0,
w = −y(3x2y + c1,0). (4.173)
To ﬁnd the critical points on the interface, we substitute y = 0 into the velocity
ﬁeld and obtain (cases γ = 0 and γ 6= 0 are same)
u = x3 + xc1,0 + c0,0, w = 0. (4.174)
The solution of velocity u = 0 determines the number of critical point on the
interface. The local bifurcation curve can be obtained by eliminating x from
u(x, 0) and |J(x, 0), which is
4c31,0 + 27c
2
0,0 = 0. (4.175)
To obtain the critical points away from the interface (for y 6= 0), we eliminate
x and y from the velocity ﬁeld and |J |, and we obtain
3 c0,0
4 − 18 c0,03 + 4 c1,03 + 27 c0,02 = 0, γ 6= 0,
4c31,0 + 27c
2
0,0 = 0 γ = 0. (4.176)
Finally, we are ready to make a bifurcation diagram with these local bifurcation
curves. It is worth pointing out that there exist no global bifurcation for this
case.
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Figure 4.38: The streamline patterns and bifurcation diagram for the normal
form (4.170).
Figure 4.39: The streamline patterns and bifurcation diagram for the normal
form (4.171).
Despite the similarity of degenerate case which is obtained by A. Deliceoglu [37],
the unfolding and the bifurcation diagrams do not look similar. The reason is
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that he consider γ1 as a new parameter.
4.3.3 Case 2
Substituting the second assumption into (4.152) and extend the stream function
up to the ﬁfth order we have
ψ(x, y) = a1,2xy
2 + a2,1x
2y + a0,4y
4 + a1,3xy
3 + a2,2x
2y2 + a3,1x
3y
+O(|x, y|5), (4.177)
where a1,2 and a2,2 are related the other coeﬃcients due to the tangential stress
boundary condition. Using the transformation (4.157), we can simplify the
stream function by choosing
l0,2 = 0, l1,1 = 0, m1,0 = − k1
k1
2 + 1
, m2,0 = − a3,1
2a2,1
,
m1,1 =
6 r0 k1
2k2 + k1
3 − 6 r0 k2 + k1
4r0
(
k1
2 + 1
)2 ,
m0,2 =
3a3,1k1
2
2
(
k1
2 + 1
)2 − a1,32 − k1
(
6 r0 k1
2k2 + k1
3 − 6 r0 k2 + k1
)
2r0
(
k1
2 + 1
)3 , (4.178)
then the stream function (4.177) becomes
ψ = a2,1ξ˜
2η + a˜0,4η
4 +O(|ξ˜, η|5), (4.179)
where
a˜0,4 = a0,4 −
a2,1k1
2
(
6 r0 k1
2k2 + k1
3 − 6 r0 k2 + k1
)
2r0
(
k1
2 + 1
)4
+
2a3,1k1
3(
k1
2 + 1
)3 − a1,3k1k12 + 1 . (4.180)
To make more simpliﬁcation, we scale time by dividing the stream function by
a˜0,4 and using the transformation ξ˜ =
∣∣∣ a˜0,4a2,1 ∣∣∣1/2 ξ, we obtain
ψ = η(σξ2 + η3), (4.181)
where σ =
a2,1
a˜0,4
∣∣∣ a˜0,4a2,1 ∣∣∣ = ±1. The dividing streamline can be obtained by ψ = 0,
which are
η = 0, ξ = ±
√
−ση3. (4.182)
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Figure 4.40: The dividing streamline for the degenerate case (4.181) for (a)
σ = 1, (b) σ = −1.
They are seen in Fig. 4.40.
Like the previous section, let us introduce small parameters a0,1 = 1, a1,1 = 2
and a˜0,3 = 3. Using these parameters, the unfolding of the degenerate case can
be written as
ψ = 1z + aˆ2,0z
2 + 2sz + 3z
3 + aˆ1,2sz
2 + a2,1s
2z
+ a0,4z
4 + a1,3sz
3 + aˆ2,2s
2z2 + a3,1s
3z, (4.183)
where aˆi,j is in the form ai,j + . Using a non-linear transformation
s = ξ − k1
k1
2 + 1
η +m2,0ξ
2 +m1,1ξη +m0,2η
2 +m3,0ξ
3 +m2,1ξ
2η
+m1,2ξη
2 +m0,3η
3,
z = η + l0,2η
2 + l1,1ξη + l2,1ξ
2η + l1,2ξη
2 + l0,3η
3, (4.184)
we can simplify the given stream function by choosing
l0,2 = −2 r0 k1
2k2 − k13 − 2 r0 k2 − k1
2r0
(
k1
2 + 1
)2 , l1,1 = m1,2 = 0,
l1,2 = −6 r0
2k1
4k3 − 8 r0 2k13k22 + 2 r0 k14k2 + 24 r0 2k1k22 + k15
2
(
k1
2 + 1
)3
r0 2
+
6 r0
2k3 − 2 k13 + 2 r0 k2 − k1
2
(
k1
2 + 1
)3
r0 2
. (4.185)
The stream function now can read as
ψ = 1η + ˜2ηξ + 3η
3 + a˜2,1ξ
2η + a˜0,4η
4 + f(m0,2, 1, 2, 3)ξη
3
+ g(m1,1, 1, 2, 3)ξ
2η2 + h(m2,0, 1, 2, 3)ξ
3η, (4.186)
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where
f(m0,2, 1, 2, 3) = Θ(m0,2) +O(1, 2, 3),
g(m1,1, 1, 2, 3) = Θ(m1,1) +O(1, 2, 3),
h(m2,0, 1, 2, 3) = Θ(m2,0) +O(1, 2, 3),
a˜0,4 = a0,4 +O(1, 2, 3), a˜2,1 = a2,1 +O(1, 2, 3), (4.187)
Θ() implies the equations in (4.178). Like the process in the previous case, by us-
ing I.F.T., one can ﬁnd functionsm0,2(1, 2, 3),m1,1(1, 2, 3) andm2,0(1, 2, 3)
which solve f = 0, g = 0 and h = 0, respectively. To make more simpliﬁcation,
we can translate the origin by replacing ξ = ξ− 22a2,1 (the term ξη will be elimi-
nated) and following the similar strategy in the degenerate case, such as scaling
and the substituting ξ = Aξ˜ and η = Bη˜, the next theorem arises:
Theorem 4.10 Let a0,1, a1,1 and a˜0,3 be small parameters. Assuming the
non-degeneracy conditions a2,1 6= 0 and a˜0,4 6= 0 the normal form for the stream
function (4.179) is
ψ = y(c0,0 + c0,2y
2 + y3 + σx2), (4.188)
where
σ =
{
+1 for a˜0,4/a˜2,1 > 0
−1 for a˜0,4/a˜2,1 < 0 ,
c0,0 and c0,2 are small transformed parameters.
The velocity ﬁeld for the stream function (4.188) is (multiplication by (x+ r0))
u = σx2 + 4y3 + 3y2c0,2 + c0,0,
w = −2σxy. (4.189)
To ﬁnd the critical points on the interface, we substitute y = 0 into the velocity
ﬁeld and obtain
u = σ x2 + c0,0 = 0, w = 0. (4.190)
The critical points on the interface depend on the solutions of the velocity u,
and its solutions exist when −σc0,0 ≤ 0 To ﬁnd the critical points away from
the interface (y 6= 0), we substitute x = 0 into the velocity u and J ,
u = 4 y3 + 3 y2c0,2 + c0,0 = 0,
J = 24σ y3 + 12σ y2c0,2. (4.191)
The resultant of these equations with respect to y, gives us the local bifurcation
curve for the critical points away from interface which is
−c0,02σ
(
c0,2
3 + 4 c0,0
)
= 0. (4.192)
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It is possible to see global bifurcation curves for this case. This bifurcation
appears when the following condition holds;
u(x1, y1) = 0, u(x2, 0) = 0, w(x1, y1) = 0, w(x2, 0) = 0,
ψ(x1, y1) = ψ(x2, 0), where J(x1, y1) < 0, J(x2, 0) < 0, (4.193)
which gives the intersection of the saddle points for away from and on the
interface. The global bifurcation curve is
c0,2
3 + 8 c0,0 = 0, (4.194)
and is denoted as dashed lines in the ﬁgures.
The bifurcation diagram can be ﬁgured as in Fig. 4.41 for σ = 1 and Fig. 4.42
for σ = −1.
Figure 4.41: The bifurcation diagram and the streamline patterns for the nor-
mal form (4.188) with σ = 1.
Figure 4.42: The bifurcation diagram and the streamline patterns for the nor-
mal form (4.188) with σ = −1.
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4.3.4 Case 3
We ﬁrst consider the vorticity transport equation
∇× ~NS = 0 (4.195)
where ~NS is the Navier-Stokes equations in cylindrical coordinate system. As
known, this result is in vectorial form. The second component of this form gives
us by applying the assumptions for this case
r2z0 :12µ r0 a0,4 +
r0 ρ b0,0b1,0k1 + 18µ r0 a3,1k1 − ρ b0,02k1
k1
2 + 1
= 0,
r0z2 :a2,2 = 0,
r1z1 :µ r0 a1,3 = 0. (4.196)
According the term r0z2, a2,2 must be equal 'zero' for a steady ﬂow. The
vorticity transport equation under the given assumptions makes a1,3 = 0 and
a2,2 = 0. Using the assumptions for the third case and a1,3 = a2,2 = 0, the
stream function is written (up to the ﬁfth order term) as
ψ = a3,1s
3z + a0,4z
4 +O(|s, z|5). (4.197)
Dividing the stream function by a0,4, and scaling s →
(
a0,4
a3,1
) 1
3
x and z → y, ψ
can be simpliﬁed as by truncating higher order terms
ψ = y(x3 + y3). (4.198)
The dividing streamlines can be obtained by solving ψ = 0, which are
y = 0, x3 = −y3. (4.199)
They are seen in Fig. 4.43.
Figure 4.43: Non-simple degenerate critical point on the interface with the
given conditions.
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To unfold the degenerate case, we have assumed a0,1 = 1, a1,1 = 2, a2,1 = 3
and a0,3 = 4 are small parameters. The unfolding of the degenerate case
includes too much terms, hence we kindly refer to Maple worksheet [35] to see
the whole process. After using non-linear transformation the simpliﬁed stream
function becomes
ψ = a˜0,4η
4 + a˜3,1η ξ
3 + 4η
3 + 3η ξ
2 + 2η ξ + 1η, (4.200)
where a˜0,4 = a0,4 + O(1, 2, 3, 4) and a˜3,1 = a3,1 + O(1, 2, 3, 4). The ξ2η
term can be eliminated by applying the linear transformation ξ = − 33a3,1 + ξ˜
into (4.200), and obtained
aˆ0,4η
4 + aˆ3,1η ξ˜
3 + ˆ4η
3 + ˆ2η ξ˜ + ˆ1η. (4.201)
More simpliﬁcation can be made by dividing the stream function by aˆ0,4 and
scaling by ξ˜ →
(
aˆ0,4
aˆ3,1
) 1
3
x and η → y, then the following theorem arises:
Theorem 4.11 Let a0,1, a1,1, a2,1 and a0,3 be small parameters. Assuming
the non-degeneracy conditions a0,4 6= 0 and a3,1 6= 0, the normal form is
ψ = y(c0,1 + c1,1x+ c0,3y
2 + x3 + y3) (4.202)
where c0,1, c1,1 and c0,3 are small transformed parameters.
The diﬀerential equations for the streamlines are,
x˙ = u = x3 + 4 y3 + 3 y2c0,3 + xc1,1 + c0,1,
y˙ = w = −y(3x2 + c1,1). (4.203)
The critical points on the interface which are the solutions of
x3 + xc1,1 + c0,1 = 0, (4.204)
may vary when the discriminant of (4.204) , which is 4 c1,1
3 + 27 c0,1
2, changes.
For the critical points away from the interface, the local bifurcation curve can
be obtained by taking the resultant of the velocities which is
c1,1
9
(
27 c0,3
6 + 216 c0,1c0,3
3 + 64 c1,1
3 + 432 c0,1
2
)
= 0. (4.205)
However, the number of critical points for away from the interface mainly de-
pends on the sign of c1,1 since w = 3x
2 + c1,1 = 0. Therefore, we determine
investigating this case into three sub-cases which depends on the sign of c1,1.
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It is possible to see two kinds of global bifurcation for this case which are:
1. Global bifurcation associated with the critical points on and away from the
interface. To ﬁnd this bifurcation curve, the main idea is akin to the Case 2.
The curve written as
432 c0,3
6 + 5832 c0,1c0,3
3 + 2916 c1,1
3 + 19683 c0,1
2 = 0. (4.206)
2. Global bifurcation associated with the critical points away from the interface.
To ﬁnd this bifurcation curve, the following conditions must hold:
ψ(x1, y1) = ψ(x2, y2), J(x1, y1) < 0, J(x2, y2) < 0,
u(x1, y1) = u(x2, y2) = w(x1, y1) = w(x2, y2) = 0. (4.207)
This global bifurcation curve can be obtained by eliminating x1, x2, y1 and y2
from the previous conditions. Note that this bifurcation can just be seen for
c1,1 < 0.
c1,1 > 0: The number of critical points on the interface is just one, and away
from the interface no critical point exists. The streamline pattern is ﬁgured as
in Fig. 4.44.
Figure 4.44: Streamline pattern for the normal form (4.200) withc1,1 > 0.
c1,1 = 0: The number of critical points on the interface depends on the value
of c0,1, and away from the interface depends on the curve c0,3
3 + 4 c0,1. Hence,
the streamline patterns and bifurcation diagram are ﬁgured as in Fig. 4.45.
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Figure 4.45: Streamline pattern for the normal form (4.200) with c1,1 = 0.
c1,1 < 0: In Fig. 4.46, the red curve denotes the local bifurcation curve for away
from axis; the blue curve is for the global bifurcation curve associated with the
critical points which are on and away from the interface; and dashed curve is for
the global bifurcation curve associated with the critical points which are away
from the interface.
Figure 4.46: Streamline pattern for the normal form (4.200) with c1,1 < 0.
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Figure 4.47: The streamline patterns occurring in Fig. 4.46.
We analyse the degenerate case and its unfolding for an axisymmetric ﬂow close
to the free surface. In this case, co-dimension three bifurcation is observed. The
topology of 2D ﬂows close to the free surface had been studied by A. Deliceoglu
[37] for similar case. We observed similar dividing streamline for the degenerate
case, however the unfolding of the degenerate case and bifurcation diagram look
diﬀerent. The reason is that we could not eliminate a0,4 as he did because of
the swirl velocity eﬀect.
4.4 Flow Topology Close to a Stationary Wall
The process for this section is almost similar as the previous section. In this
section, we will focus on the streamline patterns in the vicinity of the intersection
point of a stationary wall
s =
∞∑
i=1
diz
i, (4.208)
and the interface F (s). (see in Fig. 4.48)
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Figure 4.48: The local analysis of a ﬂow close to intersection of wall and in-
terface. The interface is translated F (r0) = 0.
The process obtaining the stream function (4.146) is similar for this case as well.
Additionally, we have extra boundary conditions u = w = 0 on the wall. The
relations, which are obtained from this boundary conditions, can be found into
Maple worksheet [38].
4.4.1 Regular Case
The lowest order of the stream function for this case is obtained as (up to the
ﬁfth order term)
ψ = a3,1s
3z + 3Γa3,1z
2s2 +O(|s, z|5), (4.209)
where Γ = k1
k12+1
when wall is s = 0 and Γ = d1k1
2+d1+k1
k12+1
when wall is in form
(4.208). Firstly, we have assumed that a3,1 6= 0 and Γ 6= 0. The stream function
is scaled by dividing by a3,1. Depending on the sign of Γ, the dividing streamline
can be ﬁgured as Fig. 4.49.
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Figure 4.49: The dividing streamline and non-simple degenerate points for (a)
Γ > 0 and (b) Γ < 0.
If we break this non-degenerate condition, we need to examine higher order
terms. As one see that this non-degeneracy can break by assuming Γ = 0, that
means k1 = 0 when wall is s = 0 and d1 = − k1k12+1 when wall is in the form
(4.208).
4.4.2 Co-dimension 1 bifurcation
The higher degree of the stream function need to be investigated when Γ = 0.
The stream function (4.209) extended up to the sixth order by applying Γ = 0
and written as
ψ = 5 k2a3,1z
2s3 + a4,1s
4z + a2,3s
2z3 + a3,1s
3z +O(|s, z|6). (4.210)
To reduce the number of coeﬃcients, we deﬁne a near identity transformation
which preserves the boundary conditions,
s = ξ +m2,0ξ
2 +m1,1ξη, z = η + l0,2η
2 + l1,1ξη. (4.211)
After applying this transformation into the given stream function (see details
in [38]), we choose m2,0 = m1,1 = 0, l1,1 = −a4,1a3,1 and l0,2 = −5k2, the stream
function is simpliﬁed as
ψ = a2,3ξ
2η3 + a3,1ξ
3η +O(|ξ, η|6). (4.212)
Further simpliﬁcation can be made by scaling the (ξη)-coordinate system as
a form ξ → Aξ and dividing stream function by Aa3,1 where A = a3,1b2,3 . The
corresponding stream function becomes
ψ = ξ2η(η2 + ξ) +O(|ξ, η|6). (4.213)
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The dividing streamline can be found by solving ψ = 0, which are in the direction
ξ = −η2, ξ = 0 and η = 0 seen as Fig. 4.50.
Figure 4.50: The dividing streamline for the degenerate case (4.213) for Γ = 0.
Introducing the small parameter Γ = 1, the unfolding of the degenerate case
(4.213) is given by (truncated after ﬁfth-order terms)
ψ = a3,1s
3z + 3
a3,11s
2z2
12 + 1
+ a2,3s
2z3 + a4,1s
4z
+
(10 r0 k2a3,1 +O(1)) z2s3
2r0 (14 + 2 12 + 1)
. (4.214)
Using the transformation (6.44) and by choosing
m2,0 = 0, m1,1 = −l0,2, l1,1 = −a4,1
a3,1
,
l0,2 = −5k2 +O(1), (4.215)
one can obtain
ψ = a2,3ξ
2η3 + a3,11ξ
2η2 + a3,1ξ
3η. (4.216)
Scaling the coordinate system like the degenerate case, the next theorem arises:
Theorem 4.12 Let Γ be a small parameter. Assuming the non-degeneracy
conditions a3,1 6= 0 and a2,3 6= 0 the normal form is
ψ = η ξ2
(
η2 + ηc0,1 + ξ
)
(4.217)
where c0,1 is small parameter.
The diﬀerential equations for the streamlines are, after a scaling of the time by
ξ,
ξ˙ = u = ξ
(
3 η2 + 2 η c0,1 + ξ
)
,
η˙ = w = −η (2 η2 + 2 η c0,1 + 3 ξ) . (4.218)
110 Topology of axisymmetric ﬂow near a free surface
The critical points on the wall can be found by substituting ξ = 0 into the
velocity ﬁeld,
−η (2 η2 + 2 η c0,1) = 0. (4.219)
which are (0, 0) and (0,−c0,1).
For the critical points on interface, we need to substitute η = 0 into the velocity
ﬁeld. It is observed that (0, 0) is only the critical point on the interface.
Depending on the value of c0,1, the streamlines are ﬁgured in Fig. 4.51.
Figure 4.51: The streamline patterns for the normal form (4.217) where (a)
c0,1 < 0, (b) c0,1 = 0 and (c) c0,1 > 0.
4.4.3 Co-dimension 2 bifurcation
As non-degenerate conditions we have assumed that a3,1 6= 0 or a2,3 6= 0, pre-
viously. If we assume that a3,1 = 0 or a2,3 = 0, co-dimension 2 bifurcation
has been occurred and the higher order terms need to be investigated. In this
section, we will analyse the following two cases:
 Γ = 0, a3,1 = 0, a2,3 6= 0, a4,1 6= 0,
 Γ = 0, a2,3 = 0, a3,1 6= 0, a2,4 6= 0.
4.4.3.1 Case 1
Applying the ﬁrst assumptions into the stream function (4.209) which is ex-
tended up to the sixth-order terms, we have
ψ = a4,1s
4z + a2,3s
2z3. (4.220)
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This can be written as
s2z
(
σ z2 + s2
)
, (4.221)
when we scale the stream function by dividing a4,1 and scaling the coordinate
system. In here, σ =
a2,3
a4,1
|a4,1a2,3 | = ±1. Depending on the sign of σ, the dividing
streamline is ﬁgured in Fig. 4.52.
Figure 4.52: The dividing streamlines for the degenerate case (4.221) with (a)
σ = 1, (b) σ = −1.
Simpliﬁed unfolding of the degenerate normal form is in the form
ψ = 4 a4,11ξ
3η2 + a4,1ξ
4η + a2,3ξ
2η3 + 3 21ξ
2η2 + 2ξ
3η, (4.222)
where 2 = a3,1 and 1 = Γ by using the near identity transformation (6.44), see
details in Maple worksheet [38]. To make more simpliﬁcation, we scale η → Bη
by choosing B =
∣∣∣a4,1a2,3 ∣∣∣ 12 , and scaling the stream function by dividing by Ba4,1,
the following theorem arises:
Theorem 4.13 Let a3,1 and k1 be small parameters. Assuming the non-
degeneracy conditions a4,1 6= 0 and a2,3 6= 0, the normal form is in the form
ψ = x2y(σ y2 + 4 c0,2xy + 3 c0,1c0,2y + x
2 + c0,1x) (4.223)
where
σ =
{
+1 for a4,1/a2,3 > 0
−1 for a4,1/a2,3 < 0 ,
c0,1 and c0,2 are small parameters.
The velocity ﬁeld of (4.223) is
u = x
(
3σ y2 + 8xyc0,2 + 6 yc0,1c0,2 + x
2 + xc0,1
)
,
w = −y (2σ y2 + 12xyc0,2 + 6 yc0,1c0,2 + 4x2 + 3xc0,1) . (4.224)
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The critical points on the wall can be found by substituting x = 0 into the
velocity ﬁeld
u = 0, w = −2 y2 (σ y + c0,1c0,2) . (4.225)
The solutions of velocity w give us the critical points which are (0, 0) and
(0,− c0,1c0,2σ ). c0,1 = 0 and c0,2 = 0 are bifurcation points for the on-wall critical
points.
On-interface critical points can be obtained by substituting y = 0 into the
velocity ﬁeld,
u = x2 (x+ c0,1) , w = 0. (4.226)
Hence the critical points on the interface are (0, 0) and (−c0,1, 0). c0,1 = 0 is
the bifurcation point for the critical points on interface. c0,1 = 0 and c0,2 = 0
are also bifurcation points for the critical points away from boundaries. The
streamline patterns and bifurcation diagrams can be ﬁgured as in Fig. 4.53.
Figure 4.53: The streamline patterns for the normal form (4.223) (a) σ = 1
and (b) σ = −1.
4.4.3.2 Case 2
Applying the second assumptions into the stream function (4.209) which is ex-
tended up to the seventh-order terms, we have
ψ = a3,1s
3z + 5 k2a3,1z
2s3 + a4,1s
4z + a3,3s
3z3 + a2,4s
2z4 + a5,1s
5z
+
(
6 r0
2a3,1k3 + 7 r0
2a4,1k2 − r0 k2a3,1
)
z2s4
r0 2
. (4.227)
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Using the near identity transformation (6.44), one can simplify the stream func-
tion as (details in [38])
ψ = ξ2η(a2,4η
3 + a3,1ξ). (4.228)
Scaling the stream function by dividing a2,4, and ξ → a2,4a3,1 ξ the simpliﬁed stream
function is written as
ψ = ξ2η(η3 + ξ). (4.229)
The dividing streamlines of the critical point occurs when ψ = 0, or
ξ = 0, η = 0, ξ = −η3. (4.230)
There exist no dividing streamline for this case. The degenerate case for this
non-simple critical point can be ﬁgured as Fig. 4.52 (a).
The unfolding of this degenerate case and its simpliﬁcation process can be found
in [38]. The following theorem arises in the end of this process:
Theorem 4.14 Let a2,3 and Γ be small parameters. Assuming the non-
degeneracy conditions a3,1 6= 0 and a2,4 6= 0, the normal form is in the form
ψ = x2y(c0,1y + x+ c0,2y
2 + y3) (4.231)
where c0,1 and c0,2 are suﬃciently small parameters.
The velocity ﬁeld of (4.231) is
u = x
(
2 c0,1y + x+ 3 c0,2y
2 + 4 y3
)
,
w = −y (2 c0,1y + 3x+ 2 c0,2y2 + 2 y3) . (4.232)
The critical points on the wall can be found by substituting x = 0 into the
velocity ﬁeld, which is
u = 0, w = −2 y2 (c0,1 + c0,2y + y2) . (4.233)
The solutions of w = 0 are the critical points. Therefore its discriminant is a
local bifurcation curve for the critical points on the wall.
The critical point on the interface can be obtained by substituting y = 0 into
velocity ﬁeld, yields
u = x2, w = 0, (4.234)
means the critical point is only 'origin'.
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The local bifurcation curve for the critical points away from boundaries can
be obtained by eliminating x and y from velocity ﬁeld and the determinant of
Jacobian, which is
−49c20,2 + 160c0,1 = 0. (4.235)
This curve, however, is just changing the critical points right-hand side of wall.
Hence it has no importance.
The bifurcation diagram for the normal form (4.231) is ﬁgured in Fig. 4.54.
Figure 4.54: The streamline patterns and bifurcation diagram for the normal
form (4.231).
4.4.4 Co-dimension 3
In this section, we extend the degenerate conditions as the following three cases
which will be analysed:
 Γ = 0, a3,1 = 0, a2,3 = 0, a2,4 6= 0, a3,3 6= 0, a4,1 6= 0,
 Γ = 0, a2,3 = 0, a2,4 = 0, a3,1 6= 0, a2,5 6= 0,
 Γ = 0, a3,1 = 0, a4,1 = 0, a2,3 6= 0, a5,1 6= 0.
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From now on, we will just write the simpliﬁed degenerate cases and the normal
form of their unfolding directly due to avoiding writing long-terms equations.
Whole process can be found in the Maple worksheet [38].
4.4.4.1 Case 1
Under the given assumption, we use a series of transformation into the stream
function (4.209) which is extended up to the seventh-order terms. We obtain
the degenerate case as
ψ = x2y
(
xy2 + y3 + x2
)
. (4.236)
The dividing streamline is ﬁgured in Fig. 4.55.
Figure 4.55: The dividing streamlines for (4.236).
The unfolding for the degenerate case (4.236) is simpliﬁed by applying series of
transformation. After all, the following theorem arises:
Theorem 4.15 Let a2,3, a3,1 and Γ be small parameters. Assuming the non-
degeneracy conditions a3,3 6= 0, a4,1 6= 0 and a2,4 6= 0, the normal form is in the
form
ψ = x2y
(
3 c0,1c1,1y + c1,1x+ c0,2y
2 + 4 c0,1xy + x
2 + y3 + xy2
)
(4.237)
where c0,1, c1,1 and c0,2 are suﬃciently small parameters.
The velocity ﬁeld of (4.237) is
u = x
(
6 c0,1c1,1y + c1,1x+ 3 c0,2y
2 + 8 c0,1xy + x
2 + 4 y3 + 3xy2
)
, (4.238)
w = −y (6 c0,1c1,1y + 3 c1,1x+ 2 c0,2y2 + 12 c0,1xy + 4x2 + 2 y3 + 3xy2) .
The critical points on the wall can be found by solving
w(0, y) = −2y2(y2 + yc0,2 + 3 c0,1c1,1) = 0. (4.239)
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The solutions of this equation may vary depending on the sign of its discriminant
which is −12 c0,1c1,1 + c0,22.
The critical points on the interface are the solutions of
u(x, 0) = x2(x+ c1,1) = 0. (4.240)
And the critical points away from boundaries can be obtained by taking the
resultant of the velocities u and w, with respect to x, and again taking the
resultant of the previous equation and its derivative with respect to y. The
equation includes too many terms, hence we do not write this bifurcation curve
in here, please see it in [33].
The dimension of parameter space is three. However we can reduce the dimen-
sion two due to the all local bifurcation curve just depend on the sign of c1,1.
Therefore considering the sign of c1,1, we brieﬂy sketch the bifurcation diagrams
in Fig. 4.56, 4.57 and 4.58.
Figure 4.56: Bifurcation diagram for c1,1 < 0. The dashed curve is the local
bifurcation curve away from the boundaries.
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Figure 4.57: Bifurcation diagram for c1,1 = 0.
Figure 4.58: Bifurcation diagram for c1,1 > 0.
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4.4.4.2 Case 2
Using the assumptions for this case, we use a series of transformation into the
stream function (4.209) which is extended up to the eight-order terms. The
degenerate case is obtained as
ψ = x2y
(
y4 + x
)
. (4.241)
The dividing streamline is ﬁgured in Fig. 4.59.
Figure 4.59: The dividing streamlines for the degenerate case (4.241).
The unfolding for the degenerate case (4.241) is simpliﬁed by applying series of
transformation. In conclusion, the following theorem arise:
Theorem 4.16 Let a2,3, a2,4 and k1 be small parameters. Assuming the non-
degeneracy conditions a3,1 6= 0 and a2,5 6= 0, the normal form is in the form
ψ = x2y
(
c0,1y + x+ c0,2y
2 + c0,3y
3 + y4
)
(4.242)
where c0,1, c0,2 and c0,3 are suﬃciently small parameters.
The velocity ﬁeld of (4.242) is
u = x
(
2 c0,1y + x+ 3 c0,2y
2 + 4 c0,3y
3 + 5 y4
)
, (4.243)
w = −y (2 c0,1y + 3x+ 2 c0,2y2 + 2 c0,3y3 + 2 y4) .
The critical points on the wall can be obtained by substituting x = 0 into the
velocity ﬁeld
u = 0, w = −2y2(c0,1 + c0,2y + c0,3y2 + y3). (4.244)
The solutions of w = 0 are the critical points on the wall. The local bifurcation
curve for these critical points is obtained by taking the resultant of w and J
with respect to y when x = 0, which is given
LC : 4 c0,1c0,3
3 − c0,22c0,32 − 18 c0,1c0,2c0,3 + 4 c0,23 + 27 c0,12 = 0. (4.245)
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This curve is a quadratic for c0,1 can solvable. The discriminant of it with
respect to c0,1 is
∆ = c20,3 − 3c0,2. (4.246)
Instead of c0,2, we can use ∆ as a parameter due to the fact that the signiﬁcance
of ∆ is higher than c0,2.
The critical points on the interface is just (0, 0). For the critical points away
from the boundaries, the local bifurcation curve is obtained by eliminating x
from the velocities u and w,
39 y2 + 20 yc0,3 + 7 c0,2 = 0, (4.247)
next, eliminating y from (4.247) and its derivative
LCAW : −75920 c0,1c0,33 + 40768 c0,3
6
27
− 104468 c0,3
4∆
9
+
56056 c0,3
2∆2
3
+ 283920 c0,1c0,3∆− 231868 ∆
3
27
+ 949104 c0,1
2 = 0. (4.248)
No global bifurcation has been seen in this case.
Depending on the sign of ∆, we sketched the bifurcation diagram as in Fig. 4.60
and 4.61.
Figure 4.60: Bifurcation diagram for ∆ > 0. The dashed curve denoted the
local bifurcation curve for the critical points away from bound-
aries.
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Figure 4.61: Bifurcation diagram for ∆ ≤ 0.
4.4.4.3 Case 3
Applying the given assumptions in the ﬁnal case and again using a series of
transformation, the stream function (4.209) which is extended up to the seventh-
order terms is simpliﬁed as
ψ = x2y
(
y2 + x3
)
. (4.249)
The dividing streamline is ﬁgured in Fig. 4.62.
Figure 4.62: The dividing streamlines for the degenerate case (4.249).
The unfolding for the degenerate case (4.249) is simpliﬁed by applying series of
transformation. In the end, the following theorem arises:
Theorem 4.17 Let a3,1, a4,1 and Γ be small parameters. Assuming the non-
degeneracy conditions a5,1 6= 0 and a2,3 6= 0, the normal form is in the form
ψ = x2y(3 c1,0c2,1y + c1,0x+ y
2 + 4 c2,0c2,1xy
+ c2,0x
2 + 5 c2,1x
2y + x3) (4.250)
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where c1,0, c2,1 and c2,0 are suﬃciently small parameters.
The velocity ﬁeld of (4.250) is
u = x(6 c1,0c2,1y + c1,0x+ 3 y
2 + 8 c2,0c2,1xy
+ c2,0x
2 + 10 c2,1x
2y + x3), (4.251)
w = −y(6 c1,0c2,1y + 3 c1,0x+ 2 y2 + 12 c2,0c2,1xy
+ 4 c2,0x
2 + 20 c2,1x
2y + 5x3).
The critical points on the wall can be obtained by substituting x = 0 into the
velocity ﬁeld
u = 0, w = −2y2(3c1,0c2,1 + y). (4.252)
The critical points are (0, 0) and (0,−3c1,0c1,2). Since the physical plane is in
the below of the interface, we are looking for the negative solutions for y and x.
Therefore the solution of w = 0 exists when c1,0c2,1 ≥ 0.
On the interface, the critical points are the solutions of
u = x2(x2 + c2,0x+ c1,0) = 0, (4.253)
which vary according as the sign of its discriminant ∆ = c22,0 − 4c1,0.
About the ﬁnding the critical points away from the boundaries, we use "resul-
tant" command to eliminate ﬁrstly "x" from the velocities u and w, secondly y
from the equation obtained from ﬁrst resultant and its derivative. It includes
too much terms hence we do not need to emphasize it here, please see details in
[36]. In the ﬁgure, the dashed curve denotes the local bifurcation curve for the
critical points away from the boundaries.
It is worth pointing out that there is no global bifurcation for this case.
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Figure 4.63: Bifurcation diagram for c2,1 > 0.
Figure 4.64: Bifurcation diagram for c2,1 = 0.
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Figure 4.65: Bifurcation diagram for c2,1 < 0.
Until now, we consider the interface not ﬂat, hence the coeﬃcients of its expan-
sion is considered as a bifurcation parameter. From now on, we will make an
analysis for a ﬂat interface, or creeping ﬂow.
4.5 Flow Topology Close to a Stationary Wall
with a Flat Interface
Assuming the interface is ﬂat, that means all ki = 0, we ﬁrstly follow the same
process in the section 4.3 which is called as "Flow topology away from the axis".
Next, we apply the stationary wall (4.208) conditions which are u = w = 0 and
simplify the stream function. The lowest ordered term is
ψ = a2,1s
2z +O(|s, z|4), (4.254)
and the velocity ﬁeld for the stream function (4.254) is (multiplied by (s + r0)
and scaled time by dividing s)
u = a2,1s, w = −2a2,1z. (4.255)
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4.5.1 Regular Case
The linearised system matrix of (4.254) is (by scaling time by dividing s)(
u
w
)
=
(
a2,1 0
0 −2a2,1
)(
s
z
)
. (4.256)
The eigenvalues for this matrix are −a2,1 and 3a2,1. Firstly, we assume that
a2,1 < 0, the origin is a saddle with the stable direction on the interface, which
is the eigenvector (1, 0) and unstable direction on the wall, which is the other
eigenvector (0, 1). For a2,1 > 0, only the stable and unstable direction reversed.
(see Fig. 4.3)
Figure 4.66: Streamlines in the vicinity of origin for the non- degenerate crit-
ical point with a2,1 6= 0 (a) a2,1 > 0 (b) a2,1 < 0.
4.5.2 Co-dimension 1 bifurcation
If a2,1 = 0, higher order terms must be investigated in order to determine the
ﬂow topology. With this assumption, the extended stream function becomes
(truncated after the fourth ordered terms)
ψ = a3,1s
2z + a4,1s
3z +
(−6 a4,1d12 + 3 a3,1d2 + a2,3) z3s, (4.257)
where di is the coeﬃcients of the expansion of wall (4.208). Note that the stream
function scaled by dividing s. This stream function can be simpliﬁed by applying
the non-linear transformation (which preserves the boundary conditions)
s = ξ +m2,0ξ
2 +m1,1ξη, z = η + l0,2η
2 + l1,1ξη. (4.258)
into the given stream function. Choosing
m2,0 = l0,2 = m1,1 = 0, l1,1 = −a4,1
a3,1
, (4.259)
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the stream function becomes
ψ = a3,1ξ
2η + a˜2,3ξη
3, (4.260)
where a˜2,3 = −6 a4,1d12 + 3 a3,1d2 + a2,3. Further simpliﬁcation is possible by
scaling the stream function by dividing a3,1 and scaling the coordinate system
(ξ, η) as ξ → Aξ and η → Bη (where A,B > 0 to make the transformation into
given region), we have
ψ = A2Bξ2η +AB3
a˜2,3
a3,1
ξη3. (4.261)
Choosing B = 1A2 and A =
(
a˜2,3
a3,1
)1/5
, the stream function becomes
ψ = ξη(ση2 + ξ). (4.262)
where a3,1 6= 0 and a˜2,3 6= 0 are the new non-degeneracy conditions and
σ =
a˜2,3
a3,1
∣∣∣∣a3,1a˜2,3
∣∣∣∣ = ±1. (4.263)
Since A > 0, σ depends on the sign of
a˜2,3
a3,1
. The dividing streamline can be
found by solving ψ = 0, which are in the direction ξ = −ση2, ξ = 0 and η = 0
ﬁgured as Fig. 4.67.
Figure 4.67: The dividing streamline for the degenerate case (4.262) with the
non-degenerate conditions a3,1 6= 0 and a˜2,3 6= 0 (a) σ = 1 and
(b) σ = −1.
Introducing the small parameter a2,1 = 1, the unfolding of the degenerate case
(4.262) is given by
ψ = 1sz + a3,1s
2z + a4,1s
3z +
(−6 a4,1d12 + 3 a3,1d2 + a2,3) z3s. (4.264)
By using the same transformation and scales in the degenerate case, the next
theorem arises:
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Theorem 4.18 Let a2,1 be a small parameter. Assuming the non-degeneracy
conditions a3,1 6= 0 and a˜2,3 6= 0, the normal form is written as
ψ = xy(c0,0 + x+ σy
2), (4.265)
where
σ =
{
+1 for a˜2,3/a3,1 > 0
−1 for a˜2,3/a3,1 < 0 ,
and c0,0 is suﬃciently small parameter.
The velocity ﬁeld of (4.265) is
u = x
(
3σy2 + x+ c0,0
)
, (4.266)
w = −y (σy2 + 2x+ c0,0) .
The critical points on the wall can be obtained by substituting x = 0 into the
velocity ﬁeld
u = 0, w = −y(c0,0 + σy2). (4.267)
The critical points are y1,2 = ±√−σc0,0. Considering the physical plane, below
interface, the critical point exist when σc0,0 < 0 which is (0,−√−σc0,0).
On the interface, the critical points are the solutions of
u = x(x+ c0,0) = 0, (4.268)
which vary depending on the sign of c0,0. Hence, c0,0 = 0 is a bifurcation point
for the critical points on the interface and wall.
Away from the boundaries, the critical points can be found by eliminating x
from the velocity ﬁeld
5σy2 + c0,0 = 0, (4.269)
which has the same bifurcation point c0,0 = 0. The bifurcation diagram is seen
in Fig. 4.68.
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Figure 4.68: The streamline patterns for the normal form (4.265) with (a)
c0,0 > 0 (b) c0,0 = 0 (c) c0,0 < 0.
If we break the one of the non-degeneracy conditions a3,1 6= 0 and a˜2,3 6= 0, we
need to examine the higher order terms to determine the ﬂow topology. These
cases will be analysed in the following section.
4.5.3 Co-dimension 2 bifurcations
In this section, we break the non-degeneracy conditions a3,1 6= 0 and a˜2,3 6= 0
and create the new one as,
(a) a2,1 = 0, a3,1 = 0, a˜2,3 6= 0 and a4,1 6= 0,
(b) a2,1 = 0, a˜2,3 = 0, a3,1 6= 0 and a˜2,4 6= 0 where a˜2,4 = −20 a5,1d13 +
3 a3,1d3 + 3 a3,3d1 + a2,4.
4.5.3.1 Case (a)
Applying the given assumptions and extended the stream function up to the
ﬁfth ordered term, the stream function is written as
ψ = a4,1s
3z + a˜2,3z
3s. (4.270)
Scaling the stream function by dividing a4,1 and the coordinates s→
(
a˜2,3
a4,1
)1/2
s,
we simplify the stream function as
ψ = sz(s2 + σz2), (4.271)
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where σ =
a4,1
a˜2,3
∣∣∣ a˜2,3a4,1 ∣∣∣ = ±1. Depending on the sign of σ, the dividing streamline
is ﬁgured in Fig. 4.69.
Figure 4.69: The dividing streamlines for the degenerate case (4.271) with (a)
σ = 1, (b) σ = −1.
A small perturbation by considering a2,1 = 1 and a3,1 = 2 can eﬀect the
structure. Unfolding the degenerate case and using the same scaling as the
degenerate case, the following theorem arises:
Theorem 4.19 Let a2,1 and a3,1 be small parameters. Assuming the non-
degeneracy conditions a4,1 6= 0 and a˜2,3 6= 0, the normal form is in the form
ψ = xy(c0,0 + c1,0x+ x
2 + σy2), (4.272)
where
σ =
{
+1 for a4,1/a˜2,3 > 0
−1 for a4,1/a˜2,3 < 0 ,
c0,0 and c1,0 are small parameters.
The velocity ﬁeld of (4.272) is
u = x
(
3σ y2 + x2 + c1,0x+ c0,0
)
, (4.273)
w = −y (σ y2 + 3x2 + 2 c1,0x+ c0,0) .
The critical points on the wall can be obtained by substituting x = 0 into the
velocity ﬁeld
u = 0, w = −y(c0,0 + σy2). (4.274)
The critical points are y1,2 = ±√−c0,0σ.
On the interface, the critical points are the solutions of
u = x(x2 + c1,0x+ c0,0) = 0, (4.275)
4.5 Flow Topology Close to a Stationary Wall with a Flat Interface 129
which vary depending on to the determinant of given equation, which is c21,0 −
4c0,0. This discriminant is local bifurcation curve for the critical points on the
interface.
Away from the boundaries, the local bifurcation curve for the critical points can
be found by eliminating y from the velocity ﬁeld
8x2 + 5 c1,0x+ 2 c0,0 = 0, (4.276)
and obtaining the discriminant of the previous equation, which is 25 c1,0
2 −
64 c0,0 = 0. The bifurcation diagram is ﬁgured in Fig. 4.70 and 4.71.
Figure 4.70: Bifurcation diagram and streamline patterns for the normal form
(4.272) with σ = 1.
Figure 4.71: Bifurcation diagram and streamline patterns for the normal form
(4.272) with σ = −1.
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4.5.3.2 Case (b)
Applying the given assumptions and extended the stream function up to the
ﬁfth ordered term, the stream function is written as
ψ = a3,1s
2z + a4,1s
3z + a5,1s
4z + a˜3,3z
3s2 + a˜2,4z
4s, (4.277)
where a˜3,3 = −10 a5,1d12 + 4 a4,1d2 + a3,3 and a˜2,4 = −20 a5,1d13 + 3 a3,1d3 +
3 a3,3d1+a2,4. Using the non-linear transformation (4.258) including third order
terms, one can simplify the stream function as
ψ = a3,1ξ
2η + a˜2,4ξη
4, (4.278)
by choosing
m2,0 = l0,2 = m1,1 = m3,0 = m2,1 = m1,2 = l1,2 = 0, l1,1 = −a4,1
a3,1
, (4.279)
l2,1 =
−a3,1a5,1 + a4,12
a3,12
, l0,3 =
10 a5,1d1
2 − 4 a4,1d2 − a3,3
a3,1
.
Scaling the stream function by dividing a3,1 and the coordinates ξ → Aξ and
η → Bη (where A,B > 0, the stream function is written
ψ = ABξη(Aξ +B3
a˜2,4
a3,1
η3). (4.280)
Choosing B = 1A2 and A =
(
a˜2,4
a3,1
)1/7
, the stream function becomes
ψ = ξη(ση3 + ξ). (4.281)
where a3,1 6= 0 and a˜2,4 6= 0 are the new non-degeneracy conditions and
σ =
a˜2,4
a3,1
∣∣∣∣a3,1a˜2,4
∣∣∣∣ = ±1. (4.282)
Since A > 0, σ depends on the sign of
a˜2,4
a3,1
. The dividing streamlines of the
critical point occurs when ψ = 0, or
ξ = 0, η = 0, ξ = −ση3. (4.283)
The degenerate case for this non-simple critical point is seen in Fig. 4.52.
A small perturbation by considering a2,1 = 1 and a˜2,3 = 2 can eﬀect the
structure. Unfolding the degenerate case, applying the same non-linear trans-
formation with IFT. and using the same scaling as the degenerate case, the
following theorem arises:
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Theorem 4.20 Let a2,1 and a˜2,3 be small parameters. Assuming the non-
degeneracy conditions a3,1 6= 0 and a˜2,4 6= 0, the normal form is in the form
ψ = xy(c0,0 + c0,2y
2 + x+ y3), (4.284)
where
σ =
{
+1 for a˜2,4/a3,1 > 0
−1 for a˜2,4/a3,1 < 0 ,
c0,0 and c0,2 are small parameters.
The velocity ﬁeld of (4.284) is
u = x
(
4σ y3 + 3 y2c0,2 + x+ c0,0
)
, (4.285)
w = −y (σy3 + y2c0,2 + 2x+ c0,0) .
The critical points on the wall can be obtained by substituting x = 0 into the
velocity ﬁeld
u = 0, w = −y(c0,0 + c0,2y2 + σy3). (4.286)
The local bifurcation curve can be obtained by eliminating y from w and its
derivative with respect to y, which is
−c0,0
(−4 c0,23 − 27 c0,0) = 0. (4.287)
On the interface, the critical points are the solutions of
u = x(x+ c0,0) = 0, (4.288)
which is x = −c0,0, hence c0,0 = 0 is a bifurcation point on the interface.
Away from the boundaries, the local bifurcation curve for the critical points can
be found by eliminating x from the velocity ﬁeld
7σ y3 + 5 y2c0,2 + c0,0 = 0, (4.289)
and eliminating y from this equation and its derivative with respect to y, which
gives
7c0,0
(
500 c0,2
3 + 1323c0,0
)
= 0. (4.290)
The bifurcation diagram is ﬁgured in Fig. 4.72 and 4.73.
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Figure 4.72: Bifurcation diagram and streamline patterns for the normal form
(4.284) with σ = 1.
Figure 4.73: Bifurcation diagram and streamline patterns for the normal form
(4.284) with σ = −1.
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4.6 Conclusion
The axisymmetric steady ﬂow is analysed on the interface using the cylindrical
coordinate (r, θ, z) by considering the existence of azimuthal velocity. Firstly,
in the vicinity of the intersection of interface and center axis, then away from
the axis, and ﬁnally close to a stationary wall, we expand the stream function
in a Taylor series. The normal form theory is used to simplify the given stream
function and the unfolding theory is used to create a small bifurcation points.
Up to the co-dimension three, we observed the bifurcation diagrams and the
streamline patterns.
In the analysis, we see that the tangential stress condition makes some diﬀer-
ences while obtaining the normal form of the stream function. Especially, in the
bifurcation analysis close to center axis, even though the normal form which is
obtained by Brøns [30] is diﬀerent from our normal form, the streamline patterns
and the bifurcation diagrams give us the same results. That makes us to ask
the tangential stress boundary condition is important or not. However, in the
following process we see that its eﬀect can be visible somehow, in co-dimension
three cases.
The existence of azimuthal velocity seems not very useful to sketching meridional
plane, however, elimination process of the radial and axial velocities' coeﬃcients
by using the Navier-Stokes equations is provoked due to its existence. For
example, in [37] the coeﬃcient a0,4 is eliminated by using vorticity transport
equation. However, in our cases it is impossible to eliminate the coeﬃcients,
because it depends on the coeﬃcients of azimuthal velocity.
This study can be helpful to see all possible streamline patterns if one have the
same ﬂow properties. In a diﬀerent shape, that can be cylindrical container see
in Fig. 4.74, conical container or spherical container, if there are a rotation
and a free surface with the kinematic, tangential and normal stress boundary
conditions, this study will give a brief bifurcation process depending on the
parameter.
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Figure 4.74: Two immiscible ﬂuids in a lid-driven cylinder.
Chapter 5
Topology of axisymmetric
ﬂow near a viscous surface
In Chapter 4, we considered an axisymmetric ﬂow close to a free surface, by
neglecting the stresses of upper ﬂuid z > F (r). In this chapter, we consider the
axisymmetric ﬂow of two immiscible ﬂuids, by revisiting [17], where a similar
situation in 2D ﬂow is studied.
Using the tangential stress (2.55) and normal stress (2.57) boundary conditions,
the ﬂow ﬁeld can be patched together across the interface. To make easier
to read, let us introduce again the dynamic boundary conditions in here for
axisymmetric ﬂow in cylindrical coordinate (r, θ, z) with corresponding velocity
ﬁeld (u, v, w)
t1 · (u1, w1) = t1 · (u2, w2), (5.1)
t2 · v1 = t2 · v2, (5.2)
nΥ1t1 = nΥ2t1, (5.3)
nΥ1t2 = nΥ2t2, (5.4)
nΥ1n+ σ
(
1
R1
+
1
R2
)
= nΥ2n, (5.5)
where t1 is tangential vector (4.6b), t2 is tangential vector (4.6c), n is normal
vector (4.6a), Υi is the stress tensor (4.8) and the radii of curvature is eq. (4.7).
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Note that the notation i (i = 1, 2) means ﬂuid 1 and ﬂuid 2. For example, u1 is
the radial velocity in ﬂuid 1.
The continuity and steady Navier-Stokes equations is in the form for axisym-
metric ﬂow
1
r
∂(rui)
∂r
+
∂wi
∂z
= 0, (5.6a)
ρm
(
ui
∂ui
∂r
+ wi
∂ui
∂z
− vi
2
r
)
= µi
(
∇2ui − ui
r2
)
− ∂pi
∂r
, (5.6b)
ρm
(
ui
∂vi
∂r
+ wi
∂vi
∂z
+
uivi
r
)
= µi
(
∇2vi − vi
r2
)
, (5.6c)
ρm
(
ui
∂wi
∂r
+ wi
∂wi
∂z
)
= µi∇2wi − ∂pi
∂z
, (5.6d)
where ∇2 = 1r ∂∂r
(
r ∂∂r
)
+ ∂
2
∂z2 .
As a ﬁrst step, we expand the stream function (4.2), pressure (4.4) and azimuthal
velocity (4.5) in each ﬂuid as
ψi =
∞∑
m+n=0
a(i)m,n(r − r00)m(z − z00)n, (5.7)
pi =
∞∑
m+n=0
p(i)m,n(r − r00)m(z − z00)n, (5.8)
vi =
∞∑
m+n=0
b(i)m,n(r − r00)m(z − z00)n. (5.9)
As the previous chapter, we divide this chapter into three parts:
(a) close to the center axis,
(b) away from the center axis, and
(c) close to a stationary wall.
The process for obtaining the stream function and bifurcation diagrams are
similar as in the previous chapter. For example, let us consider case (a). For
this case, after applying the boundary conditions we obtain the stream function
for the physical region z < F (r). One can also observe the same stream function
for the physical region z > F (r). The diﬀerence between them is just the
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coeﬃcients. For instance, for physical region z < F (r), we will say a
(1)
m,n instead
of am,n and for physical region z > F (r), a
(2)
m,n.
In the following section, we will give the relations among the coeﬃcients of
the stream function by applying boundary conditions (5.1)-(5.4). The following
process can be summarize by giving an example:
1 For free surface, the stress of ﬂuid in region z > F (r) is neglected. There-
fore the tangential stress (5.3) for case (a) yields (4.19),
a2,2 − 2 k2a2,1 = 0. (5.10)
2 If the stress of ﬂuid in region z > F (r) exists, we can write the tangential
stress (5.3) for case (a) as
µ1(a
(1)
2,2 − 2 k2a(1)2,1) = µ2(a(2)2,2 − 2 k2a(2)2,1). (5.11)
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To Axis
The dynamic boundary conditions (5.1)-(5.5) yield the following relations be-
tween two immiscible ﬂuids
a2,1
(2) = a2,1
(1), (5.12)
a2,2
(2) =
µ1
µ2
a2,2
(1) + µRa2,1
(1), (5.13)
a4,1
(2) = a4,1
(1) + 2k2µRa2,2
(1) + 4µRk2
2a2,1
(1), (5.14)
a2,3
(2) =
µ1
µ2
a2,3
(1) − 64a2,1
(1)k2
2µR
3
+
(
ρ1 − ρ2
µ2
)(
b1,0
(1)2 − a2,1(1)2
6
)
− 2k2µRa2,2(1) − 8µRa4,1(1) − 4µRa2,1(1)k22 − 16σk4, (5.15)
where
µR = 1− µ1
µ2
, (5.16)
and σ is the surface tension. Remember that origin is a regular point for the
free surface ﬂow (ﬂuid 1) close to axis when a2,1 6= 0, called "regular case".
Eq. (5.12) yields that the same holds in ﬂuid 2. Hence the streamlines in the
vicinity of origin for the non-degenerate critical point are ﬁgured as in Fig. 5.1.
We kindly refer to [31] to see the tangential stress and normal stress boundary
conditions.
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Figure 5.1: Streamlines in the vicinity of origin for the non- degenerate critical
point with a2,1 6= 0 in both ﬂuids (a) a2,1 < 0 (b) a2,1 > 0.
5.1.1 Co-dimension 1 bifurcation on viscous surface
When a2,1 = 0, we said that co-dimension 1 bifurcation occurs, see section 4.2.2.
For ﬂuid 1 (in chapter 4 co-dimension 1 case), we observe two kinds of degenerate
streamline patterns depending on σ (not surface tension, just parameter and it
will be used as a parameter from now on, unless explicitly stated) which is
σ =
a4,1
a2,3
∣∣∣∣a2,3a4,1
∣∣∣∣ = { +1 for a2,3/a4,1 > 0−1 for a2,3/a4,1 < 0 ,
In here, let us deﬁne it as σ1 for ﬂuid 1 and σ2 for ﬂuid 2. Using the phase
portraits of Fig. 4.4, we can patch the ﬂows across the interface as in ﬁg. 5.2.
When σ1 = −1 and σ2 = −1 ﬁg. 5.2(a), when σ1 = 1 and σ2 = −1 ﬁg. 5.2(b),
when σ1 = −1 and σ2 = 1 ﬁg. 5.2(c) and when σ1 = 1 and σ2 = 1 ﬁg. 5.2(d)
are seen.
As one see from eq. (5.14), a4,1 for both ﬂuids have the same sign when a
(1)
2,2 = 0,
and from eq. (5.15) the sign of a2,3 for both ﬂuids may vary depending on
γ =
(
ρ1 − ρ2
µ2
)(
b1,0
(1)2
6
)
− 4a4,1(1)µR
k2
− 16σk4. (5.17)
If γ is "zero" or suﬃciently small, the sign of a2,3 for both ﬂuids are same, and
diﬀerent when γ is larger. In conclusion, these results yield that σ1 and σ2 can
have the same or diﬀerent signs. This gives to us diﬀerent streamline topologies
as shown in Fig. 5.2.
The unfolding of the degenerate case is analysed by assuming a2,1 = . From
5.1 Flow topology of The Viscous Surface Close To Axis 139
Figure 5.2: Degenerate streamline patterns near the viscous interface with
a2,1 = 0. (a) σ1 = −1 and σ2 = −1 , (b) σ1 = 1 and σ2 = −1, (c)
σ1 = −1 and σ2 = 1 and (d) σ1 = 1 and σ2 = 1.
eq. (5.12), we can say that  in ﬂuid 1 is equal to  in ﬂuid 2. As a conclusion
of this, we can sketch the co-dimension 1 bifurcation diagram as in ﬁg. 5.5. For
a free surface, one can see the streamlines in ﬁg. 4.5.
5.1.2 Co-dimension 2 bifurcation on viscous surface
Following the same idea as in the previous section, we can break the non-
degeneracy conditions which are a4,1 6= 0 and a2,3 6= 0, one by one. Like
the case for free surface , we can divide this case into two sub-cases as in 4.2.3;
 (a) a2,1 = 0, a2,3 = 0, a4,1 6= 0 and a2,5 6= 0,
 (b) a2,1 = 0, a2,3 6= 0, a4,1 = 0 and −3a2,3k22 + a6,1 6= 0.
5.1.2.1 Case (a)
In fact, there is no big diﬀerence on the process obtaining the degenerate stream-
line patterns and unfolding for this case. From 4.2.3.1, one can see that the sign
of σ determines the ﬂow topology, which is
σ =
a2,5
a4,1
∣∣∣∣a4,1a2,5
∣∣∣∣ = { +1 for a2,5/a4,1 > 0−1 for a2,5/a4,1 < 0 ,
This again yields the possibility of four kind of dividing streamline patterns as
the co-dimension 1 case. If the sign of σ for two ﬂuids are same, there is a
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symmetric vision of the streamline patterns as in Fig. 5.2 (b) and (c), and in
Fig. 5.5 (a) and (b). Therefore, we will just consider which streamlines can be
seen when σ1 = −1 and σ2 = 1. The degenerate streamline pattern for this
choices can be sketched by considering 4.6 as in Fig. 5.3. And from ﬁg. 4.8 and
4.9, one can obtain the bifurcation diagram 5.4.
Figure 5.3: Degenerate streamline patterns for viscous surface with σ1 = −1
and σ2 = 1 for case (a).
Figure 5.4: Bifurcation diagram for case (a) with σ1 = −1 and σ2 = 1.
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Figure 5.5: Bifurcation diagrams for the normal form (4.45) for viscous sur-
face. (a) σ1 = −1 and σ2 = −1, (b) σ1 = 1 and σ2 = 1, (c) σ1 = 1
and σ2 = −1, (d) σ1 = −1 and σ2 = 1.
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5.1.2.2 Case (b)
From 4.2.3.2, one can see that the sign of σ determines the ﬂow topology again.
σ =
a2,3
a˜6,1
∣∣∣∣ a˜6,1a2,3
∣∣∣∣ = { +1 for a˜6,1/a2,3 > 0−1 for a˜6,1/a2,3 < 0 ,
One can observe four kinds of degenerate streamline patterns and bifurcation
diagrams depending on the sign of σ. Again, we will just show the degenerate
streamline patterns and bifurcation diagrams for σ1 = −1 and σ2 = 1. The
combination of ﬁg. 4.10 (a) and ﬁg. 4.10 (b) creates the degenerate streamline
for viscous surface as in ﬁg. 5.6. And the combination of ﬁg. 4.11 and ﬁg. 4.12
creates the bifurcation diagram for viscous surface as in ﬁg. 5.7
Figure 5.6: Degenerate streamline patterns for viscous surface with σ1 = −1
and σ2 = 1 for case (b).
Figure 5.7: Bifurcation diagram for case (b) with σ1 = −1 and σ2 = 1.
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5.2 Flow topology of The Viscous Surface Away
From Axis
The dynamic boundary conditions (5.1)-(5.4) yield the following relations be-
tween two immiscible ﬂuids (see for one ﬂuid in [35])
a0,1
(2) = a0,1
(1), (5.18)
a1,1
(2) = a1,1
(1), (5.19)
a2,1
(2) = a2,1
(1), (5.20)
a0,2
(2) =
µ1
µ2
a0,2
(1) (5.21)
+ µR((k1
2 − 1)2r0a0,1(1)k2 + (k12 + 1)(2r0a1,1(1)k1 − a0,1k1)), (5.22)
a0,3
(2) =
µ1
µ2
a0,3
(1) (5.23)
+ h(a0,2
(1), a2,1
(1), a1,2
(1), b0,0
(1), r0, k1, k2, k3, σ, ρ1, ρ2), (5.24)
where
µR = 1− µ1
µ2
, (5.25)
and σ is the surface tension. Remember that origin is a regular point for the
free surface ﬂow (ﬂuid 1) away from the axis when a1,1 6= 0. Eq. (5.19) yields
that the same holds in ﬂuid 2. The regular cases and the bifurcation diagrams
are similar as in paper Brøns [17]. Therefore, there is no need to analyse this
section. The diﬀerence is that the regular point for this section is a1,1 6= 0,
and in his study a1,0 6= 0. Even though the calculations are diﬀerent, one can
consider section 4.3 to see the similarities.
5.3 Flow topology of The Viscous Surface Close
To Wall
In chapter 4, we obtain all possible streamline patterns on a free surface for the
ﬂow close to a stationary wall. Introducing Γ = k1
k12+1
which is slope of the
interface, we analyse the ﬂow topologies in two ways; the interface is ﬂat Γ = 0
and not ﬂat Γ 6= 0.
Firstly, we assume the interface is not ﬂat. We see that the eﬀect of the slope
of interface in a topological way. We analyse how a small perturbation on the
slope create a diﬀerence on the streamline patterns. Secondly, assuming the
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interface is completely ﬂat the ﬂow is analysed on the free surface and obtained
the bifurcation diagrams. In here, we will just consider a ﬂat interface, because
the idea is completely same.
The dynamic boundary conditions (5.1)-(5.4) yield the following relations be-
tween two immiscible ﬂuids
a2,1
(2) = a2,1
(1), (5.26)
a3,1
(2) = a3,1
(1), (5.27)
a4,1
(2) = a4,1
(1), (5.28)
a2,2
(2) =
µ1
µ2
a2,2
(1), (5.29)
a2,3
(2) =
µ1
µ2
a2,3
(1) + h(a2,1
(1), a3,1
(1), a4,1
(1)). (5.30)
Remember that origin is a regular point for the free surface ﬂow (ﬂuid 1) away
from the axis when a2,1 6= 0 in section 4.5. Eq. (5.26) yields that the same holds
in ﬂuid 2. Hence the streamlines in the vicinity of origin for the non-degenerate
critical point is seen in Fig. 5.8.
Figure 5.8: The dividing streamline patterns for the regular case with (a)
a2,1 > 0 and (b) a2,1 < 0.
5.3.1 Co-dimension 1 bifurcation
When a2,1 = 0, co-dimension 1 bifurcation occurs. For ﬂuid 1, we observe two
kinds degenerate streamline patterns depending on σ which is
σ =
a2,3
a3,1
∣∣∣∣a2,3a3,1
∣∣∣∣ = { +1 for a2,3/a3,1 > 0−1 for a2,3/a3,1 < 0 ,
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Let us deﬁne σ as σ1 for ﬂuid 1 and σ2 for ﬂuid 2. Using the phase portraits
of Fig. 4.67, we can patch the ﬂows across the interface as in ﬁg. 5.9. When
σ1 = −1 and σ2 = 1 ﬁg. 5.9(a), when σ1 = 1 and σ2 = 1 ﬁg. 5.9(b), when
σ1 = −1 and σ2 = −1 ﬁg. 5.9(c) and when σ1 = 1 and σ2 = −1 ﬁg. 5.9(d) are
seen.
Figure 5.9: Degenerate streamline patterns near the viscous interface with
a2,1 = 0.
The unfolding of the degenerate case, can be analysed by assuming a2,1 = .
From eq. (5.26), we can say that  in ﬂuid 1 is equal to  in ﬂuid 2. The
bifurcation process and the possible streamline patterns are seen in Fig. 5.10.
5.3.2 Co-dimension 2 bifurcation
Following the same idea as in the previous section, we can break the non-
degeneracy conditions which are a3,1 6= 0 and a2,3 6= 0, one by one. Like
the case for free surface , we can divide this case into two sub-cases;
 (a) a2,1 = 0, a2,3 6= 0 and a3,1 = 0,
 (b) a2,1 = 0, a2,3 = 0 and a3,1 6= 0.
The degenerate streamline patterns for cases (a) and (b) are same as in ﬁg. 5.9.
It is possible to obtain four diﬀerent bifurcation diagrams for both cases. Let
us just unfold one degenerate case from the cases, which is (d) in ﬁg. 5.9. The
bifurcation diagram 5.11 for case (a) and 5.12 for case(b) are obtained as we did
in section 5.1.2.
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Figure 5.10: Bifurcation diagrams for the normal form blabalbal (a) σ1 = −1
and σ2 = −1, (b) σ1 = 1 and σ2 = 1, (c) σ1 = 1 and σ2 = −1,
(d) σ1 = −1 and σ2 = 1.
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Figure 5.11: Bifurcation diagrams for case (a) by unfolding the degenerate
streamline pattern in ﬁg. 5.9 (d) for σ1 = 1 and σ2 = −1.
Figure 5.12: Bifurcation diagrams for case (b) by unfolding the degenerate
streamline pattern in ﬁg. 5.9 (d) for σ1 = 1 and σ2 = −1.
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Chapter 6
Topology of 3D ﬂow near a
free surface
In Chapters 4 and 5, we consider the axisymmetric ﬂow in the cylindrical coor-
dinate to reduce dimension 3D to 2D. From now on, we will break the symmetry
and considering the Cartesian coordinate system (x, y, z), three dimensional vis-
cous ﬂow on the free surface is going to be analysed.
Obtaining the streamline patterns of three-dimensional ﬂow is much more diﬃ-
cult than the two-dimensional one. Since the stream function does not exist for
3D ﬂow, we consider the expansion of all velocities.
Three dimensional ﬂow has been considered close to a ﬁxed surfaces by many
authors, see pioneering works Legendre [10], Delery [12]. Perry and Fairlie
[14] revisited their works and using the theory of ﬁnite dimensional dynamical
systems. In this study, they have considered in the vicinity of a no-slip wall and
with a free-slip wall, the linear terms of the velocity ﬁeld. Hartnack [39], using
the normal form and unfolding theory, have investigated the three-dimensional
ﬂow in-ﬂow and in the vicinity of a stationary wall. However, the vicinity of a
free surface has not been considered yet.
In this study, we consider a free surface z = f(x, y) in the Cartesian coordinate
system (x, y, z). In the vicinity of a point on this surface, we expand the velocity
ﬁeld and applying the boundary conditions we reduce the number of coeﬃcients
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as we did before. The idea is same as in the previous chapters. Using the near-
identity transformation, we obtain the normal form ﬁrst for the degenerate case
and then unfolding of degenerate case. Using bifurcation theory, we ﬁnalize the
analysis of 3D ﬂow in the vicinity of a free surface.
Prior to starting analysis, we present some preliminaries.
6.1 Prerequisites
The general form of the Navier-Stokes Equations are given in (2.38) and the
continuity equation (2.39) in the Cartesian coordinate system (x, y, z). The
interface is given by z = f(x, y) with two immiscible ﬂuids. Assuming that
the coordinate system translated and rotated such that f(0, 0) = fx(0, 0) =
fy(0, 0) = 0, we expand the surface in a Taylor series as
z = f(x, y) = s2,0x
2 + s1,1xy + s0,2y
2 +O(|x, y|3). (6.1)
Figure 6.1: The surface is given by z = f(x, y). In the following process, we
will consider the ﬂuid in z > f(x, y) as a free surface.
The normal and tangential vectors on the free surface can be found in Chapter
2 as (2.43).
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The kinematic (2.58), tangential stress (2.59) and normal stress (2.60) boundary
conditions again can be found in Chapter 2 with the stress tensor (2.52) and
the radii of curvature (2.47).
6.1.1 3D Flow Topology In One Fluid
To make a local analysis of the ﬂow close to a free surface, we expand the ﬁelds
as
u = x˙ =
∞∑
i+j+k=0
ai,j,kx
iyjzk, v = y˙ =
∞∑
i+j+k=0
bi,j,kx
iyjzk,
w = z˙ =
∞∑
i+j+k=0
ci,j,kx
iyjzk, p =
∞∑
i+j+k=0
pi,j,kx
iyjzk. (6.2)
The continuity equation (2.39),
∂u
∂x
+
∂v
∂y
+
∂w
∂z
= 0, (6.3)
gives us
ci,j,k = − i+ 1
k
ai+1,j,k−1 − j + 1
k
bi,j+1,k−1, k > 0. (6.4)
From now on, we will apply the kinematic boundary condition (2.58) and tan-
gential stress conditions (2.59) to the velocity ﬁeld. Firstly, from the kinematic
boundary condition (2.58)
n.V = fxu+ fyv − w = 0, (6.5)
where V = (u, v, w), we have
c1,0,0 = c0,1,0 = 0, c0,2,0 = a0,1,0s1,1 + a1,0,0s0,2 + 3 b0,1,0s0,2,
c1,1,0 = 2 a0,1,0s2,0 + 2 a1,0,0s1,1 + 2 b0,1,0s1,1 + 2 b1,0,0s0,2,
c2,0,0 = 3 a1,0,0s2,0 + b0,1,0s2,0 + b1,0,0s1,1, ... (6.6)
Depending on the tangential vectors (2.43b) and (2.43c), we have two tangential
stress boundary conditions which are
n.Υ.t1 = (fx
2 − 1)(wx + uz) + fxfy(vz + wy)
+ 2fx(ux − wz) + fy(vx + uy) = 0, (6.7)
n.Υ.t2 = (fy
2 − 1)(wy + vz) + fxfy(uz + wx)
+ 2fy(vy − wz) + fx(vx + uy) = 0. (6.8)
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From tangential stress (6.8), we obtain some relations for bi,j,1 as
b0,0,1 = 0, b0,1,1 = −a0,1,0s1,1 + 2 a1,0,0s0,2 + 2 b0,1,0s0,2 + b1,0,0s1,1,
b1,0,1 = 2 b0,1,0s1,1 − 2 b1,0,0s0,2 + 2 s2,0b1,0,0... (6.9)
and from tangential stress (6.7), we obtain some relations for ai,j,1 as
a0,0,1 = 0, a0,1,1 = 2 s0,2a0,1,0 − 2 a0,1,0s2,0 + 2 a1,0,0s1,1,
a1,0,1 = a0,1,0s1,1 + 2 a1,0,0s2,0 + 2 b0,1,0s2,0 − b1,0,0s1,1... (6.10)
It is convenient to apply the transformation to make the surface ﬂat
z˜ = z − f(x, y), ˙˜z = z˙ − fxx˙− fy y˙. (6.11)
After the transformation, the new velocity ﬁeld can be written asx˙y˙
˙˜z
 =
a1,0,0 a0,1,0 0b1,0,0 b0,1,0 0
0 0 −a1,0,0 − b0,1,0
xy
z˜
+O(|x, y, z˜|2). (6.12)
The relations for the pressure, can be obtained from the Navier-Stokes equations,
see details in [40]. If we apply the normal stress boundary condition (2.60) into
the velocity ﬁeld
n.Υ.n− σ
(
1
R1
+
1
R2
)
= γ
1
2 (−pγ + 2µfxfy(vx + uy)− 2µfx(wx + uz)
− 2µfy(vz + wy) + 2µ(fx2ux + fy2vy + wz))
− σ(2fxyfxfy − fxx(fy2 + 1)− fyy(fx2 + 1)), (6.13)
where γ = 1 + fx
2 + fy
2 and σ is surface tension, we observe
x0y0 : −2µa1,0,0 − 2µ b0,1,0 + 2σ s0,2 + 2σ s2,0 − p0,0,0 = 0,
x1y0 : −2µa0,0,2 − 2µa0,2,0 − 6µa2,0,0 − 2µ b1,1,0 + 2σ s1,2 + 6σ s3,0 = 0,
x0y1 : −2µa1,1,0 − 2µ b0,0,2 − 6µ b0,2,0 − 2µ b2,0,0 + 6σ s0,3 + 2σ s2,1 = 0.
(6.14)
These equalities will give us just physical information. For example, whenever
a1,0,0 = −b0,1,0 the pressure at the origin is 2σ(s0,2 + s2,0).
The Hartman-Grobman Theorem can be applied for the velocity ﬁeld (6.12).
The characteristic polynomial of the given matrix which is linear part of velocity
ﬁeld is
(τ − λ)(DetB + τλ+ λ2) = 0, (6.15)
where
τ = −a1,0,0 − b0,1,0, (6.16)
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and
B =
(
a1,0,0 a0,1,0
b1,0,0 b0,1,0
)
. (6.17)
Equation (6.15) gives us
λ = τ (6.18)
is one of the eigenvalues of (6.15). From (6.14) we can express τ physically as
τ =
p0,0 − 2σ(s0,2 + s2,0)
2µ
. (6.19)
Other eigenvalues are given by
λ± = −τ
2
±
√
τ2 − 4DetB
2
. (6.20)
Depending on the sign of DetB and τ we can ﬁnd the eigenvalues as the follow-
ing:
1. λ3 = τ > 0
(a) If 0 < DetB < τ
2
4 ; the two remaining eigenvalues are λ1 < 0 and
λ2 < 0. The origin is saddle for the xz and yz planes, and for the xy
plane , origin is a stable node.
(b) If DetB < 0; the two remaining eigenvalues are λ1 > 0 and λ2 < 0.
The origin is saddle for xy and yz planes, and for the xz plane , origin
is a unstable node.
(c) If 0 < τ
2
4 < DetB; the two remaining eigenvalues are complex with
Reλ1 < 0 and Reλ2 < 0. The origin is stable focus.
2. λ3 = τ < 0
(a) If 0 < DetB < τ
2
4 ; the two remaining eigenvalues are λ1 > 0 and
λ2 > 0. The origin is saddle for the xz and yz planes, and for the xy
plane , origin is a unstable node.
(b) If DetB < 0; the two remaining eigenvalues are λ1 < 0 and λ2 > 0.
The origin is saddle for xy and yz planes, and for the xz plane , origin
is a stable node.
(c) If 0 < τ
2
4 < DetB; the two remaining eigenvalues are complex with
Reλ1 > 0 and Reλ2 > 0. The origin is unstable focus.
There exist six diﬀerent eigenvalue regions in Fig. 6.2. This ﬁgure is also
observed by Hartnack [39] for the stationary wall. On the boundaries between
these six regions degenerate critical points can be observed.
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Figure 6.2: The classiﬁcation of critical point on the free surface which is given
by z = f(x, y).
Whenever trB = 0 or DetB = 0, the algebraic multiplicity of eigenvalues is at
least two. The geometric multiplicity is smaller or equal to algebraic multiplicity.
Hence we need to examine the higher order terms to determine the ﬂow topology.
The matrix B can be considered in real Jordan form since the solenoidal vector
ﬁelds remain solenoidal under linear transformations. For a proof of this theorem
please see in [39].
The matrix B can be investigated into three diﬀerent cases, which are
1. trB = 0 andDetB < 0 with the real Jordan formB =
a˜1,0,0 0 00 −a˜0,1,0 0
0 0 0
,
where a˜2 = −DetB, real solutions.
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2. trB = 0 andDetB > 0 with the real Jordan formB =
 0 −a˜0,1,0 0a˜0,1,0 0 0
0 0 0
,
where a˜2 = −DetB, complex solutions.
3. trB 6= 0 andDetB = 0 with the real Jordan formB =
a˜1,0,0 0 00 0 0
0 0 −a˜1,0,0
,
where a˜1,0,0 = −τ .
6.2 Case 1: trB = 0 and DetB < 0
By using the given assumptions and removing tilde (a˜) from a1,0,0, the velocity
ﬁeld (6.12) can be written asx˙y˙
˙˜z
 =
a1,0,0 0 00 −a1,0,0 0
0 0 0
xy
z˜
+
f2,1f2,2
f2,3
+
f3,1f3,2
f3,3
+O(|x, y, z˜|4), (6.21)
where f2,i corresponds to second-order terms
f2,1 = 2 a1,0,0s1,1yz + a2,0,0x
2 + a1,1,0xy + a0,2,0y
2 + a0,0,2z
2, (6.22)
f2,2 = −2 a1,0,0s1,1xz + b2,0,0x2 + b1,1,0xy + b0,2,0y2 + b0,0,2z2, (6.23)
f2,3 = (−2 a2,0,0 − b1,1,0)xz + (−a1,1,0 − 2 b0,2,0) yz, (6.24)
and f3,i third-order terms. Using the near-identity transformationxy
z˜
 =
ξη
ζ
+
h2,1h2,2
h2,3
+
h3,1h3,2
h3,3
 , (6.25)
where h2,i corresponds to second-order terms
h2,1 = m0,2,0η
2 +m1,1,0ξ η +m0,1,1η ζ +m2,0,0ξ
2 +m1,0,1ξ ζ +m0,0,2ζ
2,
h2,2 = n0,2,0η
2 + n1,1,0ξ η + n0,1,1ζ η + n2,0,0ξ
2 + n1,0,1ξ ζ + n0,0,2ζ
2,
h2,3 = l0,1,1η ζ + l1,0,1ξ ζ + l0,0,2ζ
2, (6.26)
and h3,i third-order terms, the velocity ﬁeld can be simpliﬁed. The new velocity
ﬁeld is in the form (2.20). Since the value for the coeﬃcients mi,j,k, ni,j,k and
li,j,k can be chosen to reduce the number of terms from velocity ﬁeld. Please see
the elimination process in [40]. It follows that the normal form of third order
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system is given byξ˙η˙
ζ˙
 =
a1,0,0 0 00 −a1,0,0 0
0 0 0
ξη
ζ
+ d1
 ξ2ηξη2
−2ξηζ
+ d2
 ξζ2ηζ2
− ζ33
 , (6.27)
where the non-degeneracy condition d1 6= 0 and d2 6= 0. It is possible to simplify
this normal form by scale time as
ta1,0,0 → t (6.28)
and then scaling ξ and ζ as
g1ξ → ξ, g3ζ → ζ, (6.29)
where
g1 =
a1,0,0
d1
, g3 =
∣∣∣∣a1,0,0d2
∣∣∣∣ 12 . (6.30)
These scales yields the system as
ξ˙ = ξ(1 + ξη + σζ2), (6.31)
η˙ = −η(1− ξη − σζ2), (6.32)
ζ˙ = −ζ
(
2ξη + σ
ζ2
2
)
(6.33)
where
σ =
{
+1 if a1,0,0/d2 > 0,
−1 if a1,0,0/d2 < 0.
The ﬂow topology can be sketched as in Fig. 6.3. If d1 = 0 or d2 = 0, the higher
order terms need to be investigated.
As we know in previous chapters, degenerate critical points are structurally
unstable. We can perturb the degenerate case by assuming trB = 2˜. The
velocity ﬁeld with this assumption is written as (up to the fourth order terms)
x˙y˙
˙˜z
 =
a1,0,0 + ˜ 0 00 −a1,0,0 + ˜ 0
0 0 −2˜
xy
z˜
+
f2,1;˜f2,2;˜
f2,3;˜
+
f3,1;˜f3,2;˜
f3,3;˜
 , (6.34)
where f2,i;˜ corresponds to second-order terms
f2,1 = 2xzs2,0˜+ 2 a1,0,0s1,1yz + a2,0,0x
2 + a1,1,0xy + a0,2,0y
2 + a0,0,2z
2,
f2,2 = b2,0,0x
2 + b1,1,0xy + (2 ˜ s1,1 − 2 a1,0,0s1,1)xz + b0,2,0y2 + 2 yz˜ s0,2 + b0,0,2z2,
f2,3 = (−2 a2,0,0 − b1,1,0)xz + (−a1,1,0 − 2 b0,2,0) yz + (−˜ s0,2 − s2,0˜) z2.
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Figure 6.3: Degenerate critical point on the surface z = f(x, y) with the as-
sumptions trB = 0 and DetB < 0. (a) for σ = 1 and (b) for
σ = −1.
and f3,i;˜ third-order terms. Again using the near-identity transformation (6.25)
and similar scales for the degenerate case, we can simplify the velocity ﬁeld as
(please see the elimination process in [40]).
ξ˙ = ξ(1 + + ξη + σζ2), (6.35)
η˙ = −η(1− − ξη − σζ2), (6.36)
ζ˙ = −ζ
(
2+ 2ξη + σ
ζ2
2
)
, (6.37)
where  = ˜/a1,0,0. One can observe that this perturbation is just eﬀect to the
velocity ζ˙. Considering the dynamics on this velocity for (x, y) = (0, 0), we have
ζ˙ = −ζ
(
2+ σ
ζ2
2
)
. (6.38)
The critical points for this system are
ζ = 0, and ζ = ±2√−σ, (6.39)
The bifurcation type of this diﬀerential equation is called pitch-fork bifurcation.
Note that one of the critical points is under the free surface. Since we are
just considering one ﬂuid, physically the critical point under the surface has no
signiﬁcance.
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Figure 6.4: A small perturbation on the degenerate case with the assumptions
trB =  and DetB < 0.
6.3 Case 2: trB = 0 and DetB > 0
By using the given assumptions and removing tilde from a1,0,0, the velocity ﬁeld
(6.12) can be written asx˙y˙
˙˜z
 =
 0 −a0,1,0 0a0,1,0 0 0
0 0 0
xy
z˜
+
f2,1f2,2
f2,3
+
f3,1f3,2
f3,3
+O(|x, y, z˜|4). (6.40)
Using the linear transformation
x = φ+ φ¯, y = −i(φ− φ¯) (6.41)
where the bar denotes complex conjugate, we can write the system asφ˙˙¯φ
˙˜z
 =
ia0,1,0 0 00 −ia0,1,0 0
0 0 0
φφ¯
z˜
+O(|φ, φ¯, z˜|2). (6.42)
This system is in the form (6.21), hence we can write it asφ˙˙¯φ
˙˜z
 =
ia0,1,0 0 00 −ia0,1,0 0
0 0 0
φφ¯
z˜
+ d11
 φ2φ¯φφ¯2
−2φφ¯z˜
+ d21
φz˜2φ¯z˜2
− z˜33
 . (6.43)
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We can apply the inverse transformation
φ = x+ iy φ¯ = x− iy, (6.44)
to make the system real-valued, the normal form of (6.40) becomesx˙y˙
˙˜z
 =
−a0,1,0ya0,1,0x
0
+ d11
 x(x2 + y2)y(x2 + y2)
−2z˜(x2 + y2)
+ d21
xz˜2yz˜2
− z˜33
 . (6.45)
Under the non-degeneracy conditions
d11 6= 0, d21 6= 0, (6.46)
we can analyse the local topology of the velocity ﬁeld. To make more simpliﬁ-
cation in the velocity ﬁeld we can scale time
ta0,1,0 → t (6.47)
and scaling coordinate system as
γ1x→ x, γ2y → y, γ3z˜ → z, (6.48)
where
γ1 = γ2 =
∣∣∣∣ d1,1a0,1,0
∣∣∣∣ 12 , γ3 = ∣∣∣∣ d2,1a0,1,0
∣∣∣∣ 12 . (6.49)
The velocity ﬁeld becomes after the scales,x˙y˙
z˙
 =
−yx
0
+ σ
 x(x2 + y2)y(x2 + y2)
−2z(x2 + y2)
+ α
xz2yz2
− z33
 , (6.50)
where
σ =
∣∣∣∣ d1,1a0,1,0
∣∣∣∣ a0,1,0d1,1 = ±1, α =
∣∣∣∣ d2,1a0,1,0
∣∣∣∣ a0,1,0d2,1 = ±1. (6.51)
It is easy to obtain the phase portrait for (xy) plane by assuming z = 0 which
is sketched in 6.5.
To ﬁnd the relation between the (xy) plane and z plane, it is advantageous to
transform the given coordinate system to cylindrical coordinate
x = rcos(θ), y = rsin(θ), z = z. (6.52)
The system then becomes
r˙ = r(σr2 + αz2), (6.53)
θ˙ = 1, (6.54)
z˙ = −z
(
2σr2 +
αz2
3
)
. (6.55)
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Figure 6.5: The degenerate critical points for the (xy) plane with the assump-
tions trB = 0 and DetB > 0. (a) σ = −1 (b) σ = 1.
The system has rotational symmetry about z− axis, since the velocity θ˙ is
independent of θ. We can just consider the meridional plane to obtain local
topology of ﬂow which is sketched in Fig. 6.6.
Figure 6.6: The degenerate critical points with the assumptions trB = 0 and
DetB > 0 for meridional plane rz. (a) σ = −1 (b) σ = 1.
The degenerate case for the three-dimensional phase portrait with the given
assumptions is sketched in Fig. 6.7 and 6.8.
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Figure 6.7: The degenerate critical points with the assumptions trB = 0 and
DetB > 0. (a) σ = −1 and α = 1 (b)σ = 1 and α = −1.
Figure 6.8: The degenerate critical points with the assumptions trB = 0 and
DetB > 0. (a) σ = −1 and α = −1 (b)σ = 1 and α = 1
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The unfolding of the degenerate case (6.50) is in the following formφ˙˙¯φ
˙˜z
 =
ia0,1,0 + 1 0 00 −ia0,1,0 + 1 0
0 0 −21
φφ¯
z˜
+d11
 φ2φ¯φφ¯2
−2φφ¯z˜
+d21
φz˜2φ¯z˜2
− z˜33
 .
Applying the transformation (6.44) into the velocity ﬁeld, one can obtain thatx˙y˙
˙˜z
 =
−a0,1,0y + xa0,1,0x+ y
−2z˜
+ d11
 x(x2 + y2)y(x2 + y2)
−2z˜(x2 + y2)
+ d21
xz˜2yz˜2
− z˜33
 . (6.56)
To make more simpliﬁcation in the velocity ﬁeld we can scale time
ta0,1,0 → t (6.57)
and scaling coordinate system as
γ1x→ x, γ2y → y, γ3z˜ → z, (6.58)
where
γ1 = γ2 =
∣∣∣∣ d1,1a0,1,0
∣∣∣∣ 12 , γ3 = ∣∣∣∣ d2,1a0,1,0
∣∣∣∣ 12 . (6.59)
The velocity ﬁeld becomes after the scales,x˙y˙
z˙
 =
−y + ˜xx+ ˜y
−˜z˜
+ σ
 x(x2 + y2)y(x2 + y2)
−2z(x2 + y2)
+ α
xz2yz2
− z33
 , (6.60)
where
σ =
∣∣∣∣ d1,1a0,1,0
∣∣∣∣ a0,1,0d1,1 = ±1, α =
∣∣∣∣ d2,1a0,1,0
∣∣∣∣ a0,1,0d2,1 = ±1, (6.61)
and ˜ is transformed small parameter. It is advantageous to use polar coordinate
transformation (6.52) into the system, which gives
r˙ = r(˜+ σr2 + αz2), (6.62)
θ˙ = 1, (6.63)
z˙ = −z
(
2˜+ 2σr2 +
αz2
3
)
. (6.64)
The system has rotational symmetry about z− axis, since the velocity θ˙ is
independent of θ. We can just consider the meridional plane to obtain local
topology of ﬂow which is sketched in Fig.
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Figure 6.9: The meridional plane with the assumptions trB = 0 and DetB >
0. Top panel is for the diﬀerent sign of σ and α, (a) σ = 1, α = −1
and  > 0; or σ = −1, α = 1 and  < 0 (b) = 0 (c) σ = 1, α = −1
and  < 0; or σ = −1, α = 1 and  > 0. The bottom panel is for
the same sign of σ and α, (a) σ = 1, α = 1 and  < 0; or σ = −1,
α = −1 and  > 0 (b) = 0 (c) σ = 1, α = 1 and  > 0; or σ = −1,
α = −1 and  < 0.
The three dimensional version of Fig. 6.9 is sketched in Fig. 6.10 and 6.11.
Figure 6.10: Bifurcation diagram of (6.60) with the diﬀerent sign of σ and α.
The three dimensional version of the top panel of Fig. 6.9.
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Figure 6.11: Bifurcation diagram of (6.60) with the same sign of σ and α.
The three dimensional version of the bottom panel of Fig. 6.9.
6.4 Case 3: trB 6= 0 and DetB = 0
By using the given assumptions, the velocity ﬁeld (6.12) can be written asx˙y˙
˙˜z
 =
a1,0,0 0 00 0 0
0 0 −a1,0,0
xy
z˜
+
f2,1f2,2
f2,3
+O(|x, y, z˜|3), (6.65)
where f2,i corresponds to second-order terms
f2,1 = 2 a1,0,0s2,0xz + 2 a1,0,0s1,1yz + a2,0,0x
2 + a1,1,0xy + a0,2,0y
2 + a0,0,2z
2,
f2,2 = 2 a1,0,0s0,2yz + b2,0,0x
2 + b1,1,0xy + b0,2,0y
2 + b0,0,2z
2, (6.66)
f2,3 = (−2 a2,0,0 − b1,1,0)xz + (−a1,1,0 − 2 b0,2,0) yz + (−a1,0,0s0,2 − a1,0,0s2,0) z2.
Using the near-identity transformation (6.25), we simplify the velocity ﬁeld asξ˙η˙
ζ˙
 =
a1,0,0 0 00 0 0
0 0 −a1,0,0
ξη
ζ
+ d1
 ξηη2
−3ηζ
 . (6.67)
Under the non-degeneracy condition
d1 6= 0, (6.68)
we can analyse the local topology of the velocity ﬁeld. To make more simpliﬁ-
cation in the velocity ﬁeld we can scale time
ta0,1,0 → t (6.69)
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and scaling coordinate system as
a1,0,0
d1
η → η. (6.70)
The velocity ﬁeld becomes after the scales,ξ˙η˙
ζ˙
 =
 ξ0
−ζ
+
 ξηη2
−3ζη
 . (6.71)
The ﬂow topology can be sketched as in Fig. 6.12.
Figure 6.12: The degenerate critical points with the assumptions trB 6= 0 and
DetB = 0.
A small perturbation for DetB can change the streamline patterns of the given
degenerate system. Hence, assuming that DetB =  the unfolding of the system
(6.65) is written asx˙y˙
˙˜z
 =
a1,0,0 −  0 00  0
0 0 −a1,0,0
xy
z˜
+
f2,1,f2,2,
f2,3,
+O(|x, y, z˜|3), (6.72)
where f2,i, corresponds to second-order terms
f2,1, = a2,0,0x
2 + a1,1,0xy + 2 a1,0,0s2,0xz + a0,2,0y
2
+ (−2  s1,1 + 2 a1,0,0s1,1) zy + a0,0,2z2, (6.73)
f2,2, = 2  s1,1xz + 2 a1,0,0s0,2yz + b2,0,0x
2 + b1,1,0xy + b0,2,0y
2 + b0,0,2z
2,
f2,3, = (−2 a2,0,0 − b1,1,0)xz + (−a1,1,0 − 2 b0,2,0) yz + (−a1,0,0s0,2 − a1,0,0s2,0) z2.
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Using the near-identity transformation (6.25) and same scales as in the degen-
erate case, we obtain the new system asξ˙η˙
ζ˙
 =
1− ˜ 0 00 ˜ 0
0 0 −1
ξη
ζ
+
 ξηη2
−3ζη
 , (6.74)
where ˜ = a1,0,0 . From now on, we will use (x, y, z) labels instead of (ξ, η, ζ).
The critical points on the surface can be found by substituting z = 0 into (6.74)x˙y˙
z˙
 =
(1− ˜)x+ xy˜y + y2
0
 . (6.75)
Since the critical point exist when x˙ = y˙ = 0, we observe that (0, 0) and (0,−˜)
are critical points on the surface. For ˜ < 0, (0,−˜) is a saddle point which is
stable on z-axis and unstable on y-axis. For ˜ > 0, (0,−˜) is again a saddle
point but the stability reversed. It can be observed a transcritical bifurcation
in that process.
The bifurcation diagram can be ﬁgured in Fig. 6.13.
Figure 6.13: The unfolding with the assumptions trB 6= 0 and DetB = .
6.5 Conclusion
In this chapter, three dimensional steady ﬂow is considered close to a free sur-
face. Using the normal form and unfolding theory, we observed the streamline
patterns and bifurcations.
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As boundary conditions, the kinematic, tangential stress and normal stress
boundary conditions are used. The streamline patterns which we obtain, look
similar to Hartnack's [39] streamline patterns for the ﬂow close to a stationary
wall. Although the streamline patterns have an exact match, occurring bifurca-
tions are diﬀerent. The diﬀerences of the streamline patterns can be visualized
when the higher order terms are investigated.
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Chapter 7
Numerical Investigations of
creeping vortex breakdown
ﬂows
In this chapter, we will make a numerical analysis to describe the eddy emergence
and transformations in a slow steady axisymmetric air-water ﬂow, driven by a
rotating top disk in a three diﬀerent shaped containers, which are shown in Fig.
7.1. They are a vertical truncated conical container (left picture will be called
LP), a vertical conical container (middle picture will be calledMP) and a sealed
semispherical container (right picture will be called RP).
Figure 7.1: Schematic of the problems.
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In a swirling ﬂow, the emergence of a local circulation region, or vortex break-
down, has a great importance in last decades. For example, in nature (tornadoes,
trapped wave, typhoons), in technological applications (heat exchange, aeronau-
tics, delta-wing aircraft, combustion, vortex reactors, etc.) vortex breakdown
can be observed. Recently, it has been seen that the vortex breakdown occurs
in a creeping ﬂow which is signiﬁcant for bio-reactors.
The recent study by Herrada and Shtern [41] revealed a non-trivial topology of
a creeping air-water ﬂow in a vertical sealed cylinder driven by the rotating top
disk. As the volume fraction of water increases, a number of eddies develop and
multiple topological changes occur in both air and water motions despite the fact
that the ﬂow being extremely slow. Such paradoxical complexity of a creeping
ﬂow is caused by competing eﬀects of the swirl and meridional motions. This
makes the ﬂuid mechanics of aerial bio-reactors, which are rapidly developing
technology and employ air-water ﬂows for the eﬃcient growth of tissue culture,
of fundamental interest. In this study, nine topological changes is revealed as
the water volume fraction, Hw, increases. (This number is in fact larger, as we
will show in the section 7.3.)
In the rest of this thesis, we formulate the problem, describe the numerical
technique, explore the ﬂow pattern for small Hw, investigate how the pattern
changes asHw grows in containers converging and diverging from the rotating lid
to the stationary bottom disk, study the eﬀect of increasing rotation, summarize
the results and compare them with analytical ones.
This chapter summarizes the results in
* A. Balci, M. Brøns, M. A. Herrada and V. Shtern : Bifurcations of a
creeping air-water ﬂow in a conical container. Submitted for publication.
2015.
* A. Balci, M. Brøns, M. A. Herrada and V. Shtern : Vortex breakdown in
a conical bioreactor. Submitted for publication. 2015.
* A. Balci, M. Brøns, M. A. Herrada and V. Shtern : Vortex breakdown in
a semispherical bioreactor. Submitted for publication. 2015.
7.1 Problem Formulation
In the containers, the lower part, 0 < z < hw, of the conical container is ﬁlled
with water, the upper part, hw < z < h, is ﬁlled with air; h is the height of the
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containers, which serves as a length scale; g is the gravitational acceleration.
The interface is depicted by the thin horizontal line, z = hw. The rotation
strength can be characterized by the Reynolds number, Re = ωh2/νw which
will be used a control parameter, νw is the kinematic viscosity of water and ω
is the angular velocity. The other control parameters are aspect ratio H = h/R
and the water volume fraction characterized by Hw = hw/h. The motion is
creeping if Re << 1.
These are common properties for the containers in Fig. 7.1. Some properties
are diﬀerent hence problems need be investigated into three cases,
(1) LP : α is the angle between the bottom and the side-wall. The top disk
(at z = h) rotates with angular velocity ω. R is the bottom-disk radius.
Additionally, α is a dimensionless control parameter.
(2) MP : β is the angle between the axis and the side-wall. The top disk of
radius R = h tanβ is located at z = h and rotates with angular velocity
ω. Additionally, β is a dimensionless control parameter.
(3) RP : The disk lid, located at z = R, rotates with angular velocity ω; R is
the disk and hemisphere radius, which serves as a length scale.
Our main goal is to study the ﬂow transformations as Hw varies. It will be
helpful to state the control parameters separately;
Control parameters
1. Re = ωR
2
νw
: The rotation strength is characterized by Re.
2. H = h/R aspect ratio.
3. Hw = hw/h water volume fraction.
4. α and β are the angle between the bottom and side wall.
In here we ﬁxed H = 1 while Hw varies since the aspect ratio of aerial bio-
reactors is typically close to one, see Liow et al. [42].
Governing Equations
The governing equations are the same as in the paper by Herrada and Shtern
[41]. Using R, ωR and ρwω
2R2 as scales for length, velocity and pressure,
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respectively, we consider a steady, viscous, incompressible axisymmetric ﬂows
governed by Navier-Stokes equations,
1
r
∂ru
∂r
+
∂w
∂z
= 0 (7.1)
u
∂u
∂r
+ w
∂u
∂z
− v
2
r
= −ρn ∂p
∂r
+ νnRe
−1
(
∇2u− u
r2
)
(7.2)
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∂r
+ w
∂v
∂z
+
uv
r
= νnRe
−1
(
∇2v − v
r2
)
(7.3)
u
∂w
∂r
+ w
∂w
∂z
= −ρn ∂p
∂z
+ νnRe
−1 (∇2w) , (7.4)
where ∇2 = 1r
∂(r ∂∂r )
∂r +
∂2
∂z2 , (u, v, w) are the velocity components in the cylindri-
cal coordinate (r, θ, z) and p is pressure reduced by the hydrostatic contribution.
The coeﬃcients ρn and νn are 1 in water while ρn = ρw/ρa and νn = νa/νw.
In air, νw = 10
−6m2/s and νa = 15 × 10−6m2/s are kinematic viscosities;
and ρw = 1000kg/m
3 and ρa = 1.22kg/m
3 are the densities which are in the
atmospheric pressure and the room temperature. Subscripts a and w are
abbreviations for air and water.
Boundary Conditions
The Navier-Stokes are solved under the following boundary conditions:
(i) Regularity at the axis (0 < z < 1, r = 0). u = v = 0, ∂w∂r = 0,
(ii) No-slip conditions at the rotating disk: the velocities u = w = 0 and
v = r:
for LP, 0 < r < 1− cotα, z = 1 ;
for MP 0 < r < tanβ, z = 1 ;
for RP, 0 < r < 1, z = 1.
(iii) No-slip conditions at the side wall: the velocities u = v = w = 0:
for LP, 0 < z < 1, r = 1− z cotα ;
for MP 0 < z < 1, r = z tanβ ;
for RP, 0 < r < 1, z = 1− (1− r2)1/2.
(iv) No-slip condition at the still disk: the velocities u = v = w = 0 for LP,
0 < r < 1, z = 0.
(v) Continuity of all the velocity and stress components at the interface z =
F (r). Since the interface is a streamline, the normal-to-interface velocity
is zero: w = 0 at z = Hw and the balance for the normal stress yields
pw − pa = We−1∇ ·n−Re−1n · (τw −µrτa) ·n−Fr−1(1− ρa/ρw)z+C, (7.5)
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where We = ρwω
2R3
σ is the Weber number, characterizing the eﬀect of sur-
face tension σ, Fr = ω
2R
g is the Froude number, which is a centrifugal-to-
gravitational acceleration ratio, g = 9.81m2/s being the gravitational acceler-
ation magnitude; n is the unit vector normal to the interface; τw and τa are
tensors of the viscous stresses in water and air, respectively; µr is the air-to-
water ratio of the dynamic viscosities; C is a constant which is determined by
imposing the mass conservation of the liquid inside the container as the interface
is deformed,
6
∫ a
0
[F (r)− F (a)]rdr + F (a)(1 + a+ a2) = Hw(1 + rw + r2w), (7.6)
where rw = 1−Hw cotα (for LP) and rw = Hw tanβ (for MP), a is the radial
coordinate, where the interface meets the side-wall, and a root of the equation,
a = 1− F (a) cotα (for LP) and a = F (a) tanβ (for MP).
Reduced Problems
As Re → 0, the motion becomes very slow and the interface deformation be-
comes negligible, F (r) = Hw. Hence, for equation (7.3), the non-linear terms
become suﬃciently small when we compare them with the linear ones. The
reduced version of (7.3) becomes
∇2v − v
r2
= 0. (7.7)
That means the swirl velocity becomes separated from the meridional motion.
We ﬁrst solve this linear problem for obtaining swirl velocity.
Secondly, we need to observe the meridional motion. Since the boundary condi-
tions are uniform, the meridional motion is only driven by the centrifugal force
( v
2
r ) in equation (7.2). This term must be preserved and the other non-linear
terms can be omitted when Re → 0. Next, we scale u and w by dividing Re,
the equations (7.1),(7.2) and (7.4) become
1
r
∂ru
∂r
+
∂w
∂z
= 0 (7.8)
ρn
∂p
∂r
− v
2
r
= νn
(
∇2u− u
r2
)
(7.9)
ρn
∂p
∂z
= νn
(∇2w) . (7.10)
It is interesting that the entire problem formally is non-linear despite the motion
is creeping, but can be reduced to the two linear problems: one for the swirl
velocity (7.7) and the other for the meridional motion (7.8)-(7.10). After solving
problem (7.7), the source term, v2/r in equation (7.9), is prescribed, so the
problem for the meridional motion also is linear.
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7.2 Numerical Procedures
7.2.1 Transformation of Equations
The Navier-Stokes equations (7.1)-(7.4) are transformed into three equations for
the Stokes stream function ψ, the meridional velocities u = − 1r ∂ψ∂z , w = 1r ∂ψ∂r ,
the azimuthal vorticity component, η = ∂u∂z − ∂w∂r and the circulation, Γ = rv:
∇2ψ − 2
r
∂ψ
∂r
= −rη, (7.11)
u
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+ w
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∂z
− uη
r
=
2
r3
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= νnRe
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r
∂Γ
∂r
)
. (7.13)
These equations are solved applying the boundary conditions for ψ, η and Γ, by
using the given boundary conditions.
7.2.2 Linear Problem
In the limiting case as Re → 0, scaling η/Re → η and Γ/Re → Γ reduces
(7.11)-(7.13) to
∇2ψ − 2
r
∂ψ
∂r
= −rη, (7.14)
2
r3
Γ
∂Γ
∂z
+ νn = −
(
∇2η − η
r2
)
, (7.15)
∇2Γ = 2
r
∂Γ
∂r
. (7.16)
7.2.3 Discretization
A boundary-ﬁtted coordinate system is used to calculate the problem. Both
the water and air regions are mapped onto the ﬁxed rectangular domains (a)
0 6 η 6 1, 0 6 ξw 6 Hw, and (b) 0 6 η 6 1, Hw 6 ξa 6 1. To this end, we
perform the coordinate transformations:
for LP ; ξw,a = z, η =
r
1−z tanα ,
for MP ; ξw,a = z, η =
r
z tan β ,
for RP ; ξw,a = z, η =
r
acos(1−z) .
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These domains are discretized by using a set of nξw and nξa Chebychev spectral
collocation points in the ξ direction. The η interval is discretized using a set
of nη Chebychev spectral collocation points. The rectangular domain has been
investigated by Herrada and Shtern [41]. The code for the obtaining these points
is developed by Herrada.
Figure 7.2: Mapping the ﬁxed rectangular domains to LP.
The Chebyshev grid points concentrate on both sides of interface and near
the walls. That helps to better resolve the Moﬀatt and other corner eddies,
even using a moderate number of radial points. For the presented results, the
simulations are done mostly with radial points nφ = 50, axial points for water
nξw = 40 and axial points for air nξa = 30 (standard grid). We also run the
program at nξa = 40, nξw = 50 and nφ = 60 (ﬁne grid) to verify the grid
independence.
Figure 7.3 veriﬁes that the obtained results are grid-independent for spherical
case. Note that the other cases look similar to spherical one, there is no need
to mention them. The proﬁles of (a) radial, u, and (b) swirl, v, velocities at
Re = 0.1 and Hw = 0.8 are plotted. The solid curves present the numerical
results obtained with the standard grid, while the cross symbols present the
numerical results obtained with the ﬁne grid. The crosses merge with the curves
within the accuracy of the drawing in Fig. 7.3 even for the radial velocity which
is very small compared to the swirl velocity.
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Figure 7.3: Proﬁles of (a) radial and (b) swirl velocities on the interface at
Re = 0.1 and Hw = 0.8, obtained using the standard grid (solid
curves) and ﬁne (crosses) grids.
7.3 Bifurcation Analysis for LP
It is convenient to start with the cylindrical-container creeping ﬂow and to
discuss a topological transformation, as Hw decreases from 0.1 to zero, which
was not described by Herrada and Shtern [41]. Figure 7.4 depicts the streamline
patterns of meridional ﬂow near the bottom-sidewall intersection at α = 90,
H = 1 and (left) Hw = 0.1 and (right) Hw = 0.072. In here, control parameter
is Hw with ﬁxed value of α = 90. Recall that the ﬂow is steady.
Figure 7.4: The streamline patterns for Hw = 0.1 (left pattern) and Hw =
0.072 (right pattern), for case LP , α = 90.
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As we mentioned before, Herrada and Shtern [41] revealed nine topological
changes, we will not mention them. We said that the number is larger, be-
cause the following bifurcation progress 7.5 has not been observed by them. It
is very hard to see this progress in numerical plot. However, the proﬁle of the
velocity ﬁeld yields that as Hw decreases, the water circulation region CR4 and
the out-most ME (Moﬀatt eddy) merge into a circulation cell again marked as
CR4 by following the bifurcation progress 7.5. As Hw further decreases down
to zero, no topological transformation occurs, just the water layer shrinks to the
bottom. The arrows in ﬁgure 7.5 indicate the ﬂow directions.
To give a brief explanation of Moﬀatt eddies, we copy the sentences from the
book "Chebsyshev and Fourier Spectral Methods" written by John P. Boyd :
The driven cavity ﬂow has weaker singularities at the lower corners. Moﬀatt
showed that as the corners are approached, the ﬂow becomes more and more
linear because the velocity tend to zero (relative to the walls). This near corner
linearity allowed him to show that the ﬂow consists of an inﬁnite sequence of
eddies of rapidly diminishing size and intesity - the so called "Moﬀatt eddies".
Figure 7.5: The bifurcation process between Hw = 0.1 and Hw = 0.072 for
case LP , α = 90.
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7.3.1 Topological metamorphoses of air-water ﬂow in the
α = 120 cone as Hw increases
At ﬁxed value for α = 120, we increase the value of Hw. When the value
of Hw is between 0.52 and 0.58, a development of clockwise circulation near
the bottom center is observed. As Hw increases again, region CR3 enlarges.
Initially, region CR3 mostly extends in the radial direction and merges with
the out-most Moﬀatt eddy; see ME in ﬁgure 7.6(a). Between Hw = 0.608 and
Hw = 0.61, ME and CR3 merge of near-bottom cells and then a ﬁgure eight
shape can be observed. After that a cusp bifurcation occurs, and CR3 extends
to the wall.
Figure 7.6: The topological changes near the bottom center when (a) Hw =
0.52 (b) Hw = 0.58 (c) Hw = 0.608 and (d) Hw = 0.61, for case
LP , α = 120.
Next, region CR3 expands upward, reaches the interface at Hw = Hw,a = 0.648,
and extends along the interface, reversing velocity u at the interface. The water
ﬂow near the interface-axis intersection, corresponding to the u > 0 range, drives
the anticlockwise circulation of air in a thin circulation region, CR4. A corner
bifurcation and bubble creation occur close to the axis.
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Figure 7.7: The topological changes near the interface when (a) Hw = 0.63
(b) Hw = 0.648 (c) Hw = 0.65 and (d) Hw = 0.7, for case LP ,
α = 120.
Region CR2 topologically is a bubble at Hw = 0.63 (ﬁgure 7.7 (a)), becomes
a bubble-ring at Hw = 0.648 (ﬁgure 7.7 (b)), and is a ring in ﬁgures 7.7 (c)
(Hw = 0.65) and 7.7 (d) (Hw = 0.7). Region CR4 is very thin at Hw = 0.65
and clearly visible at Hw = 0.7. Regions CR2 and CR4 touch each other at
the saddle point, S, where regions CR1 and CR3 also touch each other; S is a
stagnation point of the meridional motion where u = w = 0, but v 6= 0. This
bifurcation process has been observed analytically in ﬁg. 5.5 (d).
As the expanding region CR4 reaches the rotating top disk at Hw = 0.867, a
corner bifurcation occurs. Region CR1 separates from the axis and topologically
becomes a ring as ﬁgure 7.8 illustrates depicting streamline patterns at Hw =
0.86 (a), Hw = 0.867 (b), Hw = 0.87 (c) and 0.94 (d). After the separation from
the axis, region CR1 shrinks toward the sidewall-top-disk corner as Hw further
increases. No further changes in the ﬂow topology occur as Hw approaches 1.
It is an interesting physical feature that the air mostly circulates in the an-
ticlockwise direction (ﬁgure 7.8(d)) despite the fact that the centrifugal force,
induced by the rotating disk, tends to move air in the clockwise direction. The
feedback of the rotating water ﬂow overcomes the direct eﬀect of the centrifugal
force which pushes the air to the periphery near the disk.
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As Hw increases from 0 to 1, ten bifurcations occur in the conical (cylindrical)
container LP. Vortex breakdowns in the water (at Hw = 0.563) and in the air
(at Hw = 0.648) occur at smaller values of Hw than those in the cylindrical
case. These features are due to the side-wall here converges from the rotating
disk to the stationary disk and thus strengthens the eﬀect of swirl on the water
and air motions. Now we explore the eﬀect of a diverging side-wall.
Figure 7.8: The topological changes near the interface when (a) Hw = 0.86
(b) Hw = 0.867 (c) Hw = 0.7 and (d) Hw = 0.94, for case LP ,
α = 120.
7.3.2 Topological ﬂow metamorphoses in the α = 60 cone
as Hw increases
No topological change occurs as Hw decreases from 0.15 down to zero. In
contrast as Hw increases, numerous changes occur in the ﬂow topology.
Figure 7.9(b) depicts streamlines at Hw = 0.21 near the bottom-sidewall in-
tersection and reveals that the water ﬂow has a ﬁgure-eight pattern in region
CR4, as ﬁgure 7.10(c) schematically shows. Therefore as Hw increases and CR4
shrinks to the side-wall, the ﬁgure-eight pattern emerges via a cusp bifurcation.
Then saddle point moves to the side-wall, 7.10(d), and splits into two saddles
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7.10(e). As a result, region CR2 extends up to the side-wall and region CR4
becomes divided as in 7.10(e). This occurs at Hw = 0.219 at α = 60.
Figure 7.9: Expansion of CR2 and separation of CR3 from the interface when-
ever Hw increases (a) Hw = 0.15 (b) Hw = 0.21 (c) Hw = 0.4, for
case LP , α = 60.
Figure 7.10: Bifurcation scenarios among (a) Hw = 0.15 (c) Hw = 0.21 (i)
Hw = 0.4, for case LP , α = 60.
The streamline pattern, depicted in ﬁgure 7.9(c), remains topologically invariant
as Hw increases until it reaches a value around 0.81. At Hw slightly smaller than
0.81, a cell with clockwise circulation emerges near the axis-bottom intersection
(region CR4 in ﬁgure 7.11(a)), i.e., vortex breakdown occurs in the water ﬂow.
Since regionME signiﬁcantly expands as Hw increases from 0.4 to 0.81, regions
CR4 and ME merge just after CR4 appears, as ﬁgure 7.11(b) illustrates. The
merged region is again named CR4. Note that region CR3 shrinks but remains
observable in ﬁgure 7.11.
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The transformations from ﬁgure 7.9(c) through the patterns shown in ﬁgure 7.11
consists of the following topological events: vortex breakdown emergence near
the axis-bottom intersection, merging of the near-axis saddles at the bottom
and followed by separation of the merged saddle from the bottom.
Figure 7.11: Creation of circulation CR4 and its merging with eddy ME be-
tween (a) Hw = 0.8115 (b) Hw = 0.8119, for case LP , α = 60.
Region CR4 rapidly expands upward as Hw increases beyond 0.81. As the
clockwise circulation in region CR4 reaches the air, it reverses the radial velocity
at the interface, which becomes positive, and drives an anticlockwise circulation
in the thin air region CR4 (ﬁgure 7.12(c)).
The physical reason for the vortex breakdown development in the air and the
shrinking of region CR2 in the water is the strengthening of water swirl as the
interface approaches the rotating top disk. The growing centrifugal force inten-
siﬁes the clockwise circulation in region CR5 and suppresses the anticlockwise
circulation in region CR2. The air ﬂow is aﬀected by the water ﬂow feedback.
This causes further topological metamorphoses in both water and air ﬂows.
Figure 7.12: Streamline patterns for (a) Hw = 0.84 (b) Hw = 0.86 and (c)
Hw = 0.87, for case LP , α = 60.
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Figures 7.13 schematically show the corresponding transformations of the ﬂow
pattern.
Figure 7.13: Bifurcations occuring between Hw = 0.84 and Hw = 0.87, for
case LP , α = 60.
Note that ﬁg. 7.13 and 7.10 are created on the basis of proﬁle of the velocity
ﬁeld. It is very hard to see these streamline patterns in numerical plot. However,
we investigate the proﬁle of the velocity ﬁeld step by step and sketch these
bifurcation process.
7.3.3 Conclusion
These analyses describe eﬀects of a conical side-wall on an air-water motion,
driven by the top rotating disk, in a bio-reactor and reveals a variety of ﬂow
patterns as the water level, Hw, grows from 0 to 1. In contrast to the single-ﬂuid
ﬂow vortex breakdown and other topological metamorphoses occur in this two-
ﬂuid ﬂow even if it is very slow. We revealed a new topological transformation
in the shallow-water ﬂow (see in ﬁg. 7.9) in the sense that it does not occur in
the cylinder case which is observed by Herrada and Shtern [41]). Similar to the
corner eddies, unbounded sets of eddies develop near the side-wall above and
below the interface. We found the eﬀects of α on vortex breakdown occurrence
in the water and air ﬂows.
7.4 Bifurcation Analysis for MP
In this section, we will consider a conical container by ﬁxing the angle between
the wall and center axis and increasing Hw values.
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7.4.1 Topological metamorphoses of air-water ﬂow in the
β = 30 cone as Hw increases
First, we explore the bifurcation scenario as the water height, Hw, increases in
a conical container with β = 30.
Fig. 7.14 (a) shows two eddies in the air, Ca1 and Ca2, and two eddies in the
water, Cw1 and Cw2, at Hw = 0.1; since Cw1 and Cw2 are very small in Fig.
7.14 (a) they are indicated in Fig. 7.14 (b). `C', `a' and `w' are abbreviations
for `cell', `air' and `water', respectively. Contours, corresponding to the clock-
wise (anticlockwise) circulation are depicted hereafter by the light (dark) curves
which are blue online.
As Hw increases, region Ca2 shrinks and its upper boundary touches the inter-
face at the axis as Fig. 7.14(b) illustrates at Hw = 0.201. Next, Ca2 separates
from the axis thus transforming from a bubble-like into a ring-like shape. At
the same value of Hw, the clockwise air circulation in Ca1 induces a new cell,
Cw3, in the water as Fig. 7.14 (c) illustrates at Hw = 0.205. In the air ﬂow,
the destruction of bubble and in the water ﬂow, creation of bubble occur.
As Hw further increases, region Cw3 expands downward, as Fig. 7.14(d) shows
at Hw = 0.207 and merges with region Cw2 as Fig. 7.14(e) reveals at Hw =
0.208. Region Cw1 becomes separated from the axis thus transforming from a
bubble-like (Fig. 7.14(d)) into a ring-like (Fig. 7.14(e)) shape. In the region
Cw2, a ﬁgure-eight shape is observed after separation of Cw1 and a cusp bifur-
cation occurs to make it a center. For larger Hw, regions Ca2 and Cw1 shrink
to the interface-sidewall intersection as in Fig. 7.14(f).
Fig. 7.15(a) depicts the ﬂow pattern at Hw = 0.33, where three eddies are
observed in the water: Cw2, Cw3, and Cw4; Cw4 is clearly seen in Fig. 7.15(b).
Cw3 mostly expands near the axis (because water moves up there) and reaches
the interface at Hw = 0.86 as Fig. 7.15(c) illustrates. For large Hw, Cw2
separates from the axis. The water ﬂow in Cw3 drives the adjacent air away
from axis and thus generates cell Ca3. Regions Ca1, Ca3, Cw2 and Cw3 meet at
a saddle point S located at the interface as shown in Fig. 7.15(d). Ca3 is a very
thin layer hardly visible in Fig. 7.15(d) at Hw = 0.87 and well observed in Fig.
7.15(e) at Hw = 0.93. As Hw increases, Ca3 touches the lid and Ca1 becomes
separated from the axis as Fig. 7.15(f) illustrates atHw = 0.98. Next, the saddle
S reaches the sidewall at Hw around 0.98 and cell Ca1 becomes separated from
the interface. Finally, Ca1 shrinks to the lid-sidewall intersection as Hw → 1.
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Figure 7.14: Streamline patterns of the meridional motion for (a) Hw = 0.1
(b) Hw = 0.201, (c) Hw = 0.205, (d) Hw = 0.207 (e) Hw = 0.208
and (f) Hw = 0.22 when β = 30.
Figure 7.15: Streamline patterns of the meridional motion for (a) Hw = 0.33
(b) Hw = 0.84, (c) Hw = 0.86, (d) Hw = 0.87 (e) Hw = 0.93 and
(f) Hw = 0.98 when β = 30.
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7.4.2 Topological metamorphoses of air-water ﬂow in the
β = 45 and β = 60 cone as Hw increases
Figure 7.16: Streamline patterns of the meridional motion for (a) Hw = 0.07
(b) Hw = 0.08, (c) Hw = 0.06, (d) Hw = 0.79 (e) Hw = 0.8 and
(f) Hw = 0.93 when β = 45.
Figure 7.17: Streamline patterns of the meridional motion for (a) Hw = 0.02
(b) Hw = 0.65, (c) Hw = 0.72 and (d) Hw = 0.8 when β = 60.
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The bifurcation sequence at β = 45 and β = 60 is similar to that at β = 30,
but the topological changes occur for β = 45 at smaller Hw than for β = 30.
For example, the ﬂow pattern shown in Fig. 7.16(a) is similar to that in Fig.
7.14(b) and the pattern shown in Fig. 7.16(b) is similar to that in Fig. 7.14(f).
In contrast to the cases where β = 30 and 45, the air ﬂow is one-cellular for
β = 60 even at Hw = 0.02 as Fig. 7.17(a) illustrates. Another diﬀerence is that
no eddy is observed near the interface-sidewall intersection.
7.4.3 Conclusion
This section reveals and explains topological transformations in a slow steady
axisymmetric air-water ﬂow, driven by the rotating top disk, in a vertical conical
container. There are ﬁve major ﬂow bifurcations as the water height Hw varies
at the cone half-angle β = 30. Most of the bifurcations occur at the interface.
We observe same bifurcation sequence at β = 45 and 60 but for smaller Hw
than at β = 30.
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Fig. 7.18(a) depicts streamlines of the meridional motion, i.e., contours ψ =
constant, at the water height Hw = 0.66. The arrows indicate the ﬂow direc-
tions. The rotating disk generates a centrifugal force, which pushes the air to
the periphery near z = 1 and thus develops the clockwise circulation in region
CRa1. Contours, corresponding to the clockwise (anticlockwise) circulation are
depicted hereafter by the light (dark) curves which are blue online.
The air ﬂow converges to axis near the interface, z = Hw, and drives the water
anticlockwise circulation in region CRw1. This ﬂow topology remains invari-
ant as Hw decreases down to zero. The physical reason for the anticlockwise
circulation is a weak rotation of water for small Hw.
As Hw increases, the emergence of water clockwise circulation near the axis-
bottom intersection (or vortex breakdown) is seen in region CRw2 shown in
Fig. 7.18(b) at Hw = 0.67.
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Figure 7.18: Emergence of counter-circulation CRw2 in water as Hw increases
from 0.66 (a) to 0.67 (b), for case RP .
As Hw further increases, region CRw2 expands upward, reaches the interface-
axis intersection point at Hw = 0.732 and then expands along the interface.
This is known as a corner crossing bifurcation.
Region CRw1 is topologically a bubble in Fig. 7.19(a) at Hw = 0.73, becomes a
bubble-ring atHw = 0.732H, and then separates from the axis thus transforming
in a ring as Figs. 7.19(b) at Hw = 0.74 and 7.19(c) at Hw = 0.8 depict. Region
CRa2, where air circulates anticlockwise, is very thin, extends up to point S
being hardly visible in Fig. 7.19(b) at Hw = 0.74 and clearly visible in Fig.
7.19(c) at Hw = 0.8.
As Hw further increases, region CRa2 expands, reaches the axis-disk intersec-
tion point at Hw = 0.935 and expands along the rotating disk as Fig. 7.20(c)
illustrates. The bifurcation at Hw = 0.935 is again a corner crossing bifurca-
tion. Region Cra1 is topologically a bubble for Hw < 0.935, a bubble-ring at
Hw = 0.935 and a ring for Hw > 0.935. As Hw → 1, region CRa1 shrinks to
the disk-wall. intersection.
Figure 7.19: Emergence of counter-circulation CRa2 in air as Hw increases;
from 0.73 (a), 0.74 (b) and 0.8 (c), for case RP .
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Figure 7.20: Collapse of region CRw1 and separation of region CRa1 from the
axis as Hw increases; 0.88 (a), 0.9 (b) and 0.94 (c), for case RP .
7.5.1 Conclusion
The goal of this section is to explore the vortex breakdown (VB) development
in a slow air-water ﬂow with no interaction of VB regions with corner vortices.
To this end, a hemispherical container is chosen, where the ﬂow is driven by the
a rotating lid. It is found that as the water height Hw increases, the VB region
emerges in water near the axis bottom intersection at Hw = 0.666 (Fig. 7.18)
and then in air near the axis-interface intersection Hw = 0.732 (Fig. 7.19). The
air VB region is a thin layer adjacent to the interface. Next the water VB region
occupies the entire water domain at Hw = 0.898 (Fig. 7.20). The air VB region
expands up to the disk at Hw = 0.935.
The topological bifurcations we observe are simpler and fewer than those found
in a cylindrical geometry where there is an interaction with the Moﬀatt corner
vortices [43, 41]. This interaction gives rise to bifurcations where saddle stag-
nation points in the interior of the water are created, generating much more
complex ﬂow patterns. In the spherical container only corner buble creation
and corner crossing bifurcations are found. Consequently, the ﬂow topology
in a spherical container is much more robust with respect to changes in the
parameters.
7.6 Conclusion
In Chapter 4 and 5, we analysed the axisymmetric ﬂow close to free and vis-
cous surfaces in a topological way. Now, we will give an explanation which
bifurcations from the theoretical analysis we observe in numerical simulations.
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In Fig. 7.5, in the region z < F (r) (free surface) co-dimension 1 bifurcation
occurs when Hw < 0.1. The creation of bubble CR4 is seen as in Fig. 4.68 (a),
and for viscous ﬂow one can observe the bifurcation progress as in Fig. 5.10 (b).
Between Hw = 0.1 and Hw = 0.072, there is no changes for the ﬂow in region
z > F (r). However, in the region z < F (r) there exist two possibilities. One is
the existence of co-dimension 1 bifurcation occurring by blowing up CR4 (means
the saddle connection of S1 and S2 is not occurring close to interface). Second
is the existence of co-dimension 2 bifurcation at that region. The streamline
patterns for free surface is given in Fig. 4.73 by considering ME circulation
separately, means that consider the ﬁgure-eight, if ME circulation does not
exist this will look like the homo-clinic. In Fig. 7.10, same bifurcation can be
seen but for both ﬂuids.
In Fig. 7.7, we observe the corner crossing and corner creation bifurcations close
to center axis. These bifurcations are observed for free surface in Fig. 4.5 and
for viscous surface in Fig. 5.5 (d). These bifurcations are also seen in Fig. 7.8,
but close to the wall.
Until now, we mention the bifurcations occurring for case LP . In the cases MP
and RP , there exist no extra bifurcation except the case MP in Fig. 7.14 (d).
Close to center axis, again we have two possibilities. If the saddle connection
between Cw2 and Cw3 occurs close to the interface, this is co-dimension 2
bifurcation which is sketched in Fig. 4.9. If not, the bubble may blow up and
co-dimension 1 bifurcation can be observed.
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